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NOMENCLATURE 
a Activity 
B° Nucleation rate, numbers/ml/min 
C Solute concentration, g/1 
C Saturation concentration 
s 
CO^ Carbonate alkalinity, mg/1 
Fraction of particles in channel i 
Y Activity coefficient 
G Linear crystal qrowth rate, microns/min 
AG Critical free energy 
crit 
H Hydrogen concentration, mg/1 
HCO^ Bicarbonate alkalinity, mg/1 
k^,k2,k^ Kinetic rate constants 
Volume shape factor 
K Solubility product 
K' Corrected solubility product 
sp 
Dissociation constants 
Corrected dissociation constants 
L Crystal size 
T. nom 1 n^^rr!- 1 
M Ionic strength 
Mrj, Suspension density , g/1 
MW Molecular weight 
n Population density, numbers/ml/micron 
n° Population density of nuclei, numbers/ml/micron 
V 
N Cumulative number distribution 
pA p operates on A and is equal to -log A 
P Phenolphthalein alkalinity, mg/1 
P^ relative number of particle pulses per volume per 
cent in channel i 
P Production rate 
r 
Q Volumetric flow rate 
p Crystal density 
s Supersaturation, C - C^ 
T Drawdown time, minutes 
t Time 
T Total alkalinity, mg/1 
Temp Temperature, °Kelvin 
V valence 
V Crystallizer volume 
V .  Volume per cent in channel i 
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INTRODUCTION 
Pollution has become a household word. There is now a 
constant pressure from the public and the government to clean 
up the environment. This research has lona range goals that 
are concerned with the problems of liquid waste pollution. 
Daily, industry and municipalities are dumping billions 
of gallons of liquid wastes contaminated with dissolved in­
organics and orcinics into our rivers and oceans. Why? It 
is more economical to dump these wastes into the rivers and 
oceans than it is to remove the small concentrations of con-
tP'.xnants. Recently, however, the economics have changed. 
The public has said that in some cases the costs to society 
are greater than the clean up costs. 
Although technology exists to clean up some of these 
waste streams, many of the processes developed are still too 
expensive. If society demands more consumer products and 
clean water, then we must develop low cost processes for re­
moval of waste water contaminants. Low cost processes are 
obtained by better design and more efficient operation. 
Through fundamental knowledge of these processes,- better 
design and efficient operation is achieved. This research 
was devoted to providing the designer with the fundamental 
knowledge that is needed for developing economical processes 
for removal of contaminants from waste streams. 
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Some of the more promising economical methods of removing 
dilute amounts of impurities from effluents involve precipi­
tation, agglomeration, and flocculation. The goal of this re­
search was to study and model the precipitation of impurities 
from dilute systems where agglomeration and flocculation are 
not important. These effects can be studied later after the 
standard precipitation process in dilute systems is understood. 
One process where precipitation is the predominant mech­
anism for removal of dilute impurities is the lime-soda water 
softening process. This research was focused on the study of 
this process. It is expected that the findings of this study 
will be applicable to other dilute systems. Also, because 
the lime-soda water softening process is in wide use, the 
results could have immediate application. 
The precipitation of calcium carbonate and magnesium 
hydroxide in the lime-soda water softening process is basically 
a crystallization process. The kinetics of crystallization is 
the controlling step. If the kinetics are known, then the 
process can be modeled and proposed designs can be evaluated. 
The importance of crystallization to the chemical in­
dustry is well established. It allows the separation of one 
component from a multi-component mixture. It also provides 
a method to obtain a finished product in a crystalline form. 
One common product is sugar. 
Crystallization through the years has been considered 
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more of an art than a science. Recently this trend has been 
reversed. Within the past decade many investigators {1, 3, 
7, 25, 33, 34, 36, 37, 42, 47) have demonstrated the appli­
cability of the population balance analysis to crystalliza­
tion processes. It is known that analysis of the crystal 
size distribution (CSD) can give important information con­
cerning the design and operation of industrial crystallizers. 
There has been much success in applying the techniques 
demonstrated by Randolph and Larson (36) to very concentrated 
systems. In most industrial crystallizers the crystalline 
mass is the product and the mother liquor is the by-product. 
This research, however, was concerned with systems where the 
crystalline mass is the by-product and the mother liquor is 
the desired product. This research applied concepts and 
techniques developed for concentrated systems to the study of 
rhe kinetics of crystallizstion in niInte systems. This is 
not as straight forward as it may seem. Relative super-
saturations are higher in dilute systems than in concentrated 
systems. This produces much smaller crystals. Normal screen 
analysis of the crystal size distribution (CSD) will not 
work. A new measuring technique was required to determine 
the CSD in the near micron size range. 
In summary, the objective of this research was to deter­
mine the kinetics of crystallization for dilute systems. The 
lime-soda water softening process was chosen for this study. 
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This research benefits the water softening industry by pro­
viding them with a better understanding of the crystalliza­
tion process. Also, the results of this study contribute to 
the basic knowledge needed to clean up industrial and munici­
pal liquid waste streams. 
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LITERATURE REVIEW AND BACKGROUND 
Research such as this encompasses many topics. First, 
one needs to know the equilibrium relations, the reactions, 
and the water chemistry of the lime-soda water softening proc­
ess. It is necessary to discuss mechanisms of nucleation, be­
cause this affects the type of kinetic model that should be 
used. The population balance provides the basic theory for 
development of the kinetic models. This leads up to the im­
portant discussion on kinetic models. The kinetics provide 
the basic equations needed for crystallizer design. 
Lime-Soda Water Softening 
The use of lime and soda ash in water softening processes 
date back to the mid 1800's. A colorful description of the 
history of water softening can be found in The Quest for Pure 
Water by M. N. Baker (2). 
It has become customary for municipalities to at least 
partially soften water before distribution to the residents. 
Hard water is defined as water containing objectionable 
amounts of dissolved salts of calcxum and magnesium. Part 
of these dissolved salts are removed by the water softening 
process and the finished product contains 80-120 mg/1 of 
hardness calculated as calcium carbonate equivalent. Water 
containing this residual amount of hardness is termed soft 
water. 
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Water hardness is divided into two types, carbonate 
(temporary) and noncarbonate (permanent). Calcium bi­
carbonate and magnesium bicarbonate of carbonate hardness is 
removed by the addition of lime and precipitation of calcium 
carbonate and magnesium hydroxide. The reactions are 
Ca(HC03)2 + Ca(0H)2 2CaC0 + + 2E^0 
MgfHCOglg + Ca(0H)2 MgCO^ + CaCO^i + 
McCOg + Ca(0H)2 Mg(0H)2+ + CaCO^i 
Noncarbonate hardness is removed by addition of lime and 
soda ash and precipitation of calcium carbonate and magnesium 
hydroxide. The reactions are 
MgClg + Ca(0H)2 Mg (OH) 2+ + CaCl2 
CaClg + NagCOg CaCO + + 2NaCl 
CaSOj + Na^CO^ -> CaCO^I + Na^SO^ 
MgSO^ + NagCOg + Ca(0H)2 Mg(0H)2+ + CaCOgi + NagSO^ 
Typical of a lime-soda water softening process is the 
Ames water treatment plant. A flow diagram of the Ames plant 
is shown in Figure 1. The aerator is designed to remove un­
desirable gases. Iron removal begins there with its con­
version from the soluble (ferrous) form to the insoluble 
(ferric) form. The raw water is split with 25% going directly 
to mixer number two. Lime is added to mixer number one and 
soda ash is added to mixer number two. A savings of soda 
Figure 1. Ames water treatment plant 
SODA ASH 
AERATOR 
RAW WATER 
FROM WELLS 
LIME TO SAND FILTERS 
MIXER NUMBER 1 MIXER NUMBER SETTLING TANK 
SLUDGE TO RECYCLE 
SLUDGE 
TO 
WASTE POND 
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ash is obtained by this method. The recycled sludge (al­
ready precipitated calcium carbonate and magnesium hydroxide) 
from the settler is also added to mixer number two and the 
mixture is stirred for 20-30 minutes. After the mixing, the 
water flows to a quiet settling tank, where the newly-formed 
precipitates fall to the bottom. This step takes 2-3 hours. 
Polyphosphates are added to the water before filtration to 
prevent calcium carbonate deposit on the sand. Sand filtra­
tion is then used to remove the finely suspended solids that 
are too small to settle out. Lastly, chlorine and fluoride 
are added to the softened water. 
Researchers studying the lime-soda water softening 
process recognize that the precipitation of calcium carbonate 
is basically a crystallization process. Behrman and Green 
(6) report that there is a discrepancy between the theoretical­
ly possible residual hardness of 20 to 25 ppm and the con­
siderably higher value of 50 to 50 ppm obtained in actual 
practice. They suggest that the formation of a relatively 
stable supersaturated solution of calcium carbonate and mag­
nesium nydroxide is responsible for the discrepancy. 
Behrman and Green (6) report that "For many years it has 
been known that if a mixture of raw water and softening chemi­
cals are stirred in contact with previously precipitated 
sludge, the chemical and physical reactions involved are 
materially accelerated, both as to completeness and as to the 
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time required. The patents of Koyl (23) , Sutro and Booth 
(41), and Green and Behrman (19) show both appreciation of 
the beneficial effect of previously precipitated sludge and 
a successively closer approach to a practical method of 
securing this effect." This suggests that by promoting growth 
of the crystals, the supersaturation can be relieved. Since 
recognition of this phenomena various researchers and munici­
palities have made use of seeding in one way or another. 
Cleasby (8) suggested adding previously precipitated sludge 
to mixer-settler No. 2 of the two stage process at the Ames, 
Iowa water treatment plant. Modifications suggested by 
Cleasby allowed Ames to double the capacity of their water 
treatment plant at a cost of one-fifth of the cost of in­
creasing capacity by other means. 
Solubility and Dissociation 
The precipitation of calcium carbonate from an aqueous 
solution is complicated by the equilibrium, relations = Being 
the salt of a weak acid, the carbonate ion forms an equilibrium 
with the acid. Therefore, some of the carbonate that would 
ordinarily be available for precipitation has been converted 
to bicarbonate. This equilibrium along with the ionization 
of water and the dissociation of calcium carbonate are all 
interrelated. A basic understanding of these relationships 
is necessary for complete understanding of the system. 
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Solubility of calcium carbonate 
The solubility of a sparingly soluble salt is not only a 
function of temperature but is also a function of the con­
centrations of all ions in solution. The proper solubility 
is determined from the solubility product, K . The follow-
sp 
ing treatment can be found in most physical chemistry texts 
such as Moore (29). 
The dissociation of calcium carbonate is described 
by 
CaCO- Ï Ca^^ + C0= j J 
The solubility product constant is 
^sp ^ ^ Ca++ ^C0= ~ ^ Ca++ ^ 
where a is the activity, y is the activity coefficient, 
3  V > v 3 c  r r t ^ l  r s  v  + - v  o t  o . r >  c r  
It is convenient to define a corrected solubility 
product. K' .as 
• sp-
K _ 
^ = .[Ca++] [COf] (1) 
Yca++ YC0 = 
The activity concept assumes complete dissociation of 
salts in dilute solutions. The activity coefficient provides 
a correction for a deviation from ideality. Hence, at in­
finite dilution, ideal conditions, = 1. The x refers to 
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the ion of interest. At any other condition, has some 
other value. 
According to the Debye-Hukel theory (29) , the activity 
coefficient may be calculated from 
log = -. Sv^^/y/(1+a/^) 
where v^ is the valence of x and u is the ionic strength of 
the solution. The ionic strength can be calculated from the 
molal concentrations of the ionic species in solution. 
Langelier (24) reports that for natural waters of less than 
500 ppm mineral content, ionic strength can be calculated 
from a simpler expression. Equation (2). 
)j = 0. 000025 X (Total mineral content) (2) 
A is a constant which in waters works practice is assumed 
to be 1. 
Total mineral content is equivalent to the term dissolved 
solids. The procedure for finding dissolved solids is found 
in Standard Methods (39). Dissolved solids is determined by 
dividing the weight of materials that would remain after a 
sample is evaporated by the original weight of the sample. 
Larson and Buswell (26) state that the form of K' that 
sp 
most nearly fits the experimental data is given by 
pK' = pK. n - 4/w/(l + 3.9/ir) (3) bp bp 
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where p is an operator such that p[ ] = -log[ ]. 
In summary, if the molar solubility is desired and 
K^p,y, and [C0=] are known, then simply find from 
Equation (3) and solve for [Ca^^] in Equation (1). The molar 
concentration can then be converted to whatever units are 
desired, such as ppm as CaCO^. 
Ionization of water and carbonic acid 
The corrected dissociation constants for water and 
carbonic acid are defined similarly to the solubility product 
of calcium carbonate. Therefore, the following is an abridged 
explanation of the defining expressions as they appear in the 
literature (16, 26). 
The dissociation of water is described by the following 
equilibrium. 
•<- H + OH 
The dissociation constant, K^, is defined by 
w^ ^  O^H" ~ '''H+  ^  ^
and the corrected dissociation constant is 
^ 
where the a and the y are defined as before. 
Since the y can be determined from the ionic strength y. 
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the corrected dissociation constant, K^, is calculated from 
the following expression. 
/il PK* = PK* 
1 + 1.4/p 
The equilibrium between the carbonate ion and bi­
carbonate ion is shown by 
HCOg ^ + C0= 
The above equilibrium is the second dissociation step of 
carbonic acid, H^CO^. The second dissociation constant, 
K_, is defined by 
- -
and the corrected dissociation constant is 
K, [co,i 
 ^ C^0= [hco^ T" 
KAf the corrected dissociation constant, is determined 
from 
2/iI nK ' = V — 
2 r-2 1 + 1.4/ÏÏ 
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Alkalinity 
The alkalinity of a water is a measure of its capacity 
to neutralize acids. Alkalinity is important in this re­
search because it directly affects the solubility of calcium 
carbonate and also the kinetics of precipitation. In the 
past pH was the main control variable for optimum operation 
of a water softening plant. Later it was discovered that 
for a given operating temperature, optimum operation occurs 
at a specific combination of alkalinity and pH.^ 
In waters such as this research was concerned with, the 
alkalinity was primarily due to the carbonate, bicarbonate, 
and the hydroxyl ions. T, total alkalinity in mg/1 as cal­
cium carbonate, can be defined in equation form as a measure 
of the equivalent concentration of all cations associated 
with the alkalinity producing anions, except the hydrogen ion. 
In converting concentrations from moles/1 to mg/1 the molecular 
weight of calcium carbonate is used thus obtaining the ex­
pression mg/1 as calcium carbonate. Therefore T is defined 
by 
+ T/50000 = [HCO3] + 2[C0=] + [OH"] (4) 
where the 50000 arises from converting mg/1 to equivalents/1. 
Equation (4) can also be written in units of mg/1 as calcium 
carbonate. 
^Cleasby, J .  L., Ames, Iowa. Private Communication. 1973. 
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H + T = HCO3 + COq + OH 
Alkalinity is normally determined by titrating a sample 
with a strong acid. Phenolphthalein indicator is used to 
determine the first endpoint of the titration. This endpoint 
corresponds closely to the point where all the carbonate has 
been converted to bicarbonate and the hydroxyl ions have 
been neutralized. The phenolphthalein alkalinity can be 
determined from this titration or if the carbonate and the 
hydroxyl ion concentrations are known it can be calculated 
from the following defining equation. 
P = 00^/2 + OH 
The second endpoint, where all the alkalinity has been 
neutralized, is determined by titrating until the methyl 
orange indicator (or some other equivalent indicator) changes 
color. Some authors refer to this as the methyl orange al­
kalinity, but here it will be referred to as the total al­
kalinity, T. 
In this research the phenolphthalein alkalinity was 
calculated from the equation just presented. P determined 
by titration is greatly suspect due to the indistinct end-
point of the phenolphthalein indicator. It will be shown 
later how P can be determined from knowing T, pH, temperature, 
and dissolved solids. 
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Importance of alkalinity in water softening 
Soda ash (sodium carbonate) is the salt of a weak acid, 
carbonic acid. Therefore, when soda ash is added to hard 
water all the carbonate does not remain in the completely 
dissociated carbonate ion form. The carbonate immediately 
sets up, an equilibrium with the water. The following con­
ditions apply 
H2O 2 + OH" 
HCO5 Î H"^ + C0= 
By adding carbonate ions one obtains a distribution of 
the three forms of alkalinity, carbonate, bicarbonate, and 
hydroxide. The calcium to be removed by precipitation as 
calcium carbonate is also in equilibrium with the carbonate 
ion. 
CaCOj Î Ca"*"^ + C0= 
The calcium combines only with the carbonate to form 
calcium carbonate. It is logical then that the more carbonate 
available for the colcium to react with, the more calcium 
precipitated. Thus, the equilibriums set up by the previous 
equations provide competition for the available carbonate. 
To convert all the bicarbonate to carbonate by adding a base 
would require excess chemicals. Therefore another set of 
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operating conditions based on economical operation is 
accepted. Economical operation is achieved when the carbonate 
ion concentration is at a maximum. These conditions are 
currently used in the water softening industry. 
Calculation of the three forms of alkalinity 
Because alkalinity is important in the control and opera­
tion of water softening facilities, it is necessary to be able 
to determine the distribution of the three forms of alkalinity. 
Langelier (24) was one of the first to derive the necessary 
equations for alkalinity calculations. The three basic 
equilibrium equations are 
CaCOg ^ Ca** + C0= 
H^O Z + OH" 
HCOg t + cOg 
As discussed in the section on solubility and ionization 
the corrected dissociation constants are defined as 
^sp " [Ca++][C0=] (5) 
xV = [H+] [OH"] (6) 
= [H+][COgl/tHCOg] (7) 
The other necessary equation is the definition of 
alkalinity, Equation (4). By solving Equation (4) and Equa­
19 
tion (7) for [C0=] and equating them results in 
K^[HCO^] T/50000 - [HCO-] - [OH"] + [H"^] 
(8) 
[H+] 2 
Solving Equation (8) for [HCO-] obtain 
T/50000+[H"^]-Ky[H"^] 
[HCOr] = T (9) 
1+2K^/[H ] 
Substituting the solution for [HCO^] into Equation (7) 
and solving for [C0=] one finds 
T/50000+[H'^]-K'/[H'*'] 
[C0=] = T (10) 
2(1+[H ]/2K') 
And by substituting Equation (10) into Equation (5) one 
can calculate the calcium concentration. 
I 3^ T/50000+[H ]-Ky[H ] 
The procedure to find the distribution of the three 
forms of alkalinity is to measure total alkalinity, pH, 
temperature, and dissolved solids. With temperature and dis­
solved solids known, one can obtain the proper ionization 
coiistants from the literature. The equations for these 
constants are presented in a later section. The pH is found 
from [h"^] and [0H~] is obtained from Equation (6) . Substi­
tution of these values into Equations (9), (10), and (11) 
will yield 
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.[HCO3] / [C0=] , and [Ca++] . 
These results are in units of moles per liter. In the 
water softening industry it is quite normal to express con­
centrations in mg/1 as calcium carbonate. The conversion 
factor is 50000 mg/equiv. Since [OH ] and [HCO^] have one 
equiv/mole, multiplication of [OH ] and [HCO^] by 50000 con­
verts the units to mg/1 as calcium carbonate. Because 
[CO^] and [Ca^"*"] have two equiv/mole, [CO^] and [Ca"^"*"] are 
multiplied by 100000. 
The calculations and the determination of the ioniza­
tion constants which are needed to solve this set of equa­
tions are rather tedious. Standard Methods (39) provides a 
nomographic solution for quick calculations. However, the 
nomographs require very careful technique to obtain accurate 
V» 1 I-" 
.i. « 
Nucleation 
Nucleation is the process of new crystal formation. 
Nucleation plays an important role in water softening. 
As soda ash is added to the rav/ water, crystals of calcium 
carbonate are born. During the mixing there is a continued 
generation of new crystals while others are growing to a 
larger size. Growth of these crystals is discussed later. 
The classical theory for the mechanism of nucleation 
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follows the same development as that for the formation of a 
water droplet. For a more detailed discussion of this sub­
ject the reader is referred to a text by Mullin (30). 
The classical theory of nucleation stems from the thermo­
dynamic approach of Gibbs and Volmer, with modifications by 
later workers. The first requirement for nucleation is a 
supersaturated solution. There is a critical number of mole­
cules that must come together for new crystal formation. If 
the number of molecules is greater than the critical number 
then the crystal will form and begin to grow. The growth is 
due to an effort to minimize the free energy. If the number 
of molecules is less than the critical number then the cluster 
will redissolve. This point where there is critical number 
of molecules is a maximum on the free energy diagram. By 
either growing or redissolving the process results in a de­
crease in the free energy of the crystal. This free energy 
necessary to form a new crystal is called the critical free 
energy, 
Mullin (30) divides nucleation into two types, primary 
and secondary. Primary nucleation can occur by homogeneous 
or heterogeneous means. Secondary nucleation can occur by 
initial breeding, needle breeding, polycrystalline breeding, 
or collision breeding. 
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Primary nucleation 
Homogeneous nucleation is a spontaneous generation of 
nuclei which occurs at some high supersaturation level in a 
solution that is void of all foreign particulate matter such 
as dust, seed crystals, etc. This is the type of nucleation 
the thermodynamic theory is based on. Homogeneous nucleation 
occurs when a cluster of molecules have reached the AG 
crit 
It is doubtful that homogeneous nucleation, in the strictest 
sense, has ever been observed because it is virtually im­
possible to achieve a solution with less than 10^ foreign 
bodies per cubic centimeter (30) . Therefore, nucleation of 
the primary type takes place as heterogeneous nucleation. 
Heterogeneous nucleation occurs as a result of the presence 
of submicroscopic particles of material different from the 
solute. Heterogeneous nucleation occurs at lower supersatu-
raLious Llius requiring a less than that of homogeneous 
nucleation. 
Secondary nucleation 
Secondary nucleation results from interaction between 
crystals or interaction between crystals and other solid ob­
jects such as the agitator or the crystallizer wall. Strick­
land-Constable (40) divides secondary nucleation into four 
types. Initial breeding occurs when an untreated crystal is 
placed into a supersaturated solution. A shower of nuclei 
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is immediately observed which dwindles with time. One would 
not expect to get initial breeding in industrial crystallizers. 
Needle breeding occurs when needles or spikes called dendrites 
grow on the ends of a crystal. These then can be broken off 
by fluid shear to form the new crystals= This phenomena takes 
place only at high supersaturations. Polycrystalline breeding 
also takes place at high supersaturations. This occurs when 
crystals are made up of small randomly oriented crystals that 
are broken by agitation. It has been shown by many investi­
gators (9, 4 3) that if the crystal is free to collide with 
the walls of the vessel or with another crystal the breeding 
of fresh nuclei occurs with extreme readiness, and at very low 
supersaturations. This nucleation, called collision breed­
ing, is thought to be the predominant nucleation mechanism 
in industrial crystallizers. 
dustrial crystallizers, determination of the mechanism of 
collision breeding has been the topic of much recent work 
(3, 10). 
Crystal Growth 
Nucleation and growth normally both occur in industrial 
crystallizers. However, it has been observed that at certain 
levels of supersaturation, growth will occur but nucleation 
will not. Also, it has been observed that even at levels 
24 
of supersaturation which normally support nucleation, nuclea-
tion will not occur unless seeds are introduced. Therefore, 
nucleation and growth must be treated as distinct phenomena. 
The mechanism of crystal growth from solution requires 
that solute be transported to the crystal surface and then 
oriented into the crystal lattice. Two successive steps are 
required, a diffusional step followed by a surface reaction 
step. The latter step is sometimes called the particle inte­
gration step and the rate at which the crystal grows because 
of this mechanism is called the particle integration rate. 
In highly agitated systems the surface reaction step is 
the controlling mechanism. Several growth mechanisms have been 
hypothesized. Most theories deduce that growth is some simple 
function of supersaturation. One can also think of mechanisms 
where growth is a function of size. Considerable success 
has been obtained, however, with the assumption that growth 
is not a function of size, at least over a short size range. 
This is known as McCabe's AL Law, The remainder of the 
theoretical analysis will be based on this assumption. 
Types of Crystallizers 
There are three general types of crystallizers; namely, 
evaporative, cooling, and precipitation. Evaporative crystal­
lization is usually carried out under vacuum and depends 
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on the removal of solvent by evaporation, causing the de­
position of solute. Systems exhibiting flat solubility curves 
are generally handled this way. Cooling crystallizers are 
those to which is fed a concentrated preheated solution. The 
crystallizer is cooled by a refrigerant, resulting in solute 
deposition due to the reduced solubility at the lower crystal­
lizer temperature. Systems exhibiting steep solubility curves 
can be handled in this way. Precipitation crystallizers are 
those in which supersaturation is generated by adding a third 
component in which the solute is insoluble or by carrying on 
a chemical reaction, the product which is insoluble. 
The precipitation crystallizer was the logical choice 
for this research. Because calcium carbonate is very insol­
uble it would be very difficult to use a cooling crystallizer. 
Also, the reactor used in the water softening process is 
accon-f-i a I I •<7 a i n "i-h a •)-i on nrwqfalliTpr. T hPT P fnT" P - f HA 
system used in this research will carry much similarity to 
what is used industrially. The theory needed for the analysis 
of a precipitation crystallizer follows in a later section. 
The precipitation crystallizer is the easiest to operate be­
cause the experiments can be carried out isothermally and at 
atmospheric pressure. Problems of heat transfer and pressure 
control are eliminated. 
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Crystal Population Balance 
This research was carried out in a mixed suspension 
mixed product removal (MSMPR) crystallizer. The MSMPR 
crystallizer is used because it is very similar to the real 
process and it lends itself to analysis by the population 
balance theory. A schematic representation of a MSMPR 
crystallizer is shown in Figure 2. 
The following is an application of population balance 
theory to a MSMPR crystallizer (36). The following assump­
tions are made: 
1. Steady state, 
2. No crystals in feed. 
3. No attrition of the crystals. 
4. Perfect mixing. 
The population density, n, is defined by 
lim AN _ dN , 
AL-O ÂL - ÂL " 
where N is the number of crystals in the size range AL(L^ to 
L^) per unit volume of system. The number of crystals in the 
size range to is thus given by 
rL 
L 
AN = ^ ndL 
1 
A population balance for the MSMPR crystallizer shown in 
Figure 2. Schematic representation of MSMPR crystallizer 
(taken from Randolph and Larson (35)) 
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Figure 2 in a system volume, V, for an arbitrary size range, 
to , and time interval, At, is 
where Q is the volumetric feed and discharge rate, G is the 
linear growth rate (dL/dt), n is the population density 
(numbers per unit length per unit slurry volume), and n is 
the average population density. The input term represents 
the number of crystals growing into the arbitrary size range 
over the time interval. The first output term represents the 
number of crystals growing out of the size range. The second 
output term represents the number of crystals in the size 
range when removed from the crystallizer. Equation (13) 
rearranges to 
n^VG^At = ngVGgAt + QnALAt (13) 
V (G^n^-G^ n-| ) 
4- On n 
AL 
and in the limit, AL->0 
Letting V/Q 
assuming that growth is independent of size, McCabe's AL 
Law, then 
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Integration of Equation (14), letting n° denote the 
population density of zero-size particles (the nuclei popu­
lation density), gives 
n = n° exp(-L/GT) (15) 
Equation (15) is the fundamental relationship between L and 
n characterizing the CSD (crystal size distribution). A 
plot of log n versus L gives a straight line with an inter­
cept at L = 0 equal to n° and a slope of -1/GT. Therefore, 
under the assumptions made earlier, if an experiment is 
carried out at a given residence time, x, the crystal growth 
rate, G, and the nuclei density, n°, can be determined from 
measurement of population density, n, as a function of 
size, L. 
Importance of Kinetics on Crystal-Size 
ni c-M-i Hn-t- i nn 
The preceding sections presented the tools needed for 
obtaining kinetic information from the crystal-size distribu­
tion (CSD), The kinetic information provides the designer 
and operator of a crystallizer with answers to questions such 
as, "How is the CSD affected if I change supersaturation?" 
or "How is the CSD affected if I create a thick slurry?" 
Without this information one might make a design change 
thinking that he will increase the crystal size and may in 
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fact do just the opposite. 
There has been much theoretical discussion as to what is 
the appropriate relation to use for nucleation rate, B° 
(27, 31, 44, 46). None of the experimental work of verifying 
a theoretically derived expression is very conclusive. How­
ever, Randolph and Larson (36) report considerable success 
with the empirical model shown in Equation (16). 
B° = (C-Cg)i = k^s^ (16) 
where s is the supersaturation C-C^. 
The growth rate, G, can be expressed as 
G = kgsi (17) 
B°, the nucleation rate, is defined as 
_o _ dN° _ dN| _ dNi dL 
dt dt|L=0 dLjL=0 dt 
Therefore, the nucleation rate may be expressed in terms of 
the growth rate, G, and population density of nuclei, n°, 
as 
B° = n°G (18) 
If growth is a linear function of supersaturation, j = 1. 
Combining Equations (16), (17), and (18) one gets 
B° = k^G^ (19: 
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and 
o i-1 ( 2 0 )  n 
It was shown earlier that by steady state operation of a 
residence time. By operating a MSMPR crystallizer at dif­
ferent levels of supersaturation the kinetic order i can be 
obtained from either Equation (19) or (20). 
The following analysis is taken from Theory of Particulate 
Processes by Randolph and Larson (36). 
Effect of supersaturation on CSD 
The level of supersaturation in a MSMPR crystallizer often 
markedly affects the CSD of the product. The following anal­
ysis of a crystallizer assumes that the suspension density 
(mass of solids per volume of slurry) can be fixed at a given 
level regardless of holding time. 
As shown earlier, the population density of nuclei can 
be related to the crystallization kinetics by 
Randolph and Larson (36) show that a mass balance with one 
mixed withdrawal point gives 
MSMPR crystallizer, n° and G could be determined at a given 
n = n° exp(-L/GT) (15) 
G = M^/6k^^Tpn° (GT) ^ (21) 
In order to compare the effects of supersaturation on 
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CSD, consider two crystallizations carried out at the same 
temperature but at different supersaturations. A convenient 
way to assure different supersaturations is to operate at 
different holding times, T, while maintaining the same sus­
pension density. From Equation (21), it is seen that opera­
tion at shorter holding times must produce higher growth 
rates, hence higher supersaturations. For crystallizations 
1 and 2 operating to produce the same suspension density 
M^, we have from Equation (21) 
= 6kyPn°(G^T^)* = 6k^pn°(G2T2)'^ 
or 
n°/n° = 
Using Equation (20) to eliminate and G2 gives 
n°/n° . (22) 
or eliminating n° gives 
2^/^ 1 " (23) 
By examining Equations (15) ,• (22) > and (23) for the 
following observations are made: 
a. When the kinetic order i is equal to one, the size 
distribution is unaffected by supersaturation level, 
i.e., n° = n^f G^T^ = GgT?' although growth rates 
increase in proportion with 
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b. When the kinetic order i is greater than one, say 
three, n° increases with a decrease in holding time 
(increase in supersaturation) by a factor (1^/12)^^^ 
and G again increases but to a lesser degree than 
when i=l, namely by the factor net 
result is a smaller crystal size at shorter holding 
times (higher supersaturation). 
c. When kinetic order is less than one, the crystal 
size- increases with an increase in supersaturation. 
In summary, it appears that the higher the supersatura-
tion, the smaller the crystal size for systems which exhibit 
orders greater than one, and further, the higher the order of 
nucleation, the more difficult it will be to produce crystals 
of large size. Figure 3 illustrates this conclusion for a 
kinetic order of 3. 
Effect of suspended solids on CSD 
Heavy slurry densities provide more surface areas for 
deposition of solute, so that for a given rate of make, lower 
supersaturations are necessary. This usually results in 
larger crystals when the suspension density is high. Here, 
we will examine the effect of suspension density on CSD for 
a MSMPR crystallizer with only one withdrawal point and for 
the case where suspended solids are not a source of nuclei. 
Crystallization systems of this type require an increased 
rate of make to increase the suspension density. 
Consider crystallizations 1 and 2 operated at the same 
holding time and temperature but with different feed concen-
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T = 15 min 
L, M iSCRONS 
Figure 3. Size distributions from crystallizations at two 
different holding times (taken frora Randolph and 
Larson (36)) 
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tration. We have ^ and , from Equation 
(21) 
or 
= MTl/GkvPnÏG* . MTz/GkyPngG; 
(24) 
Rearranging and using the kinetic relationship (20) , Equa­
tion (24) becomes 
Gj/Gj = 
or 
Randolph and Larson (36) show that the dominant crystal size, 
L^, can be obtained from the first moment and is equal to 
3GT. The dominant crystal size, L^, is then related to the 
suspension density by 
The plot shown in Figure 4 shows the comparative size distri­
butions where the suspension density (and rate of make) 
differed by a factor of three, and had a kinetic order of 2. 
The nucleacion rate, the growth rate, and the dominant particle 
size are increased with increased suspension density. For a 
kinetic order greater than one the distribution curve for the 
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Fi'jure 4. Comparison of CSD from crystallizations with 
different suspension densities (nonsecondary 
nucleation) (taken from Randolph and Larson (36)) 
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higher suspension density is always above the one for the 
lower density because the average crystal size is larger and 
there are more total crystals present. Higher kinetic orders 
would yield less difference in the observed CSD. 
From the above, it is reasonable to expect that for 
systems where nucleation rate is not of the secondary type, 
increased suspension density should produce larger crystals. 
The Problem 
As discussed in the Introduction, this research was a 
kinetic study of the lime-soda water softening process. More 
specifically, the kinetics of precipitation of calcium carbo­
nate was studied. 
Processes are normally modeled and simulated using mass 
and energy balances. Using only mass and energy balances to 
1 mi 1 1 T 4- r* ^ /-* T» 1 ^ r 4- 1 1 vni i 
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energy is being consumed and the production rate. These 
balances tell nothing about the character of the crystal sus­
pension. For instance, a production rate of one pound per 
minute could mean that millions of crystals one micron in 
diameter are formed or the product could be two large crystals 
each weighing one half pound. 
In addition to the mass and energy balances, the popula­
tion balance is needed to completely describe the system. The 
population balance is most easily applied to a mixed suspension 
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mixed product removal (MSMPR) crystallizer. Continuous opera­
tion of a MSMPR crystallizer is very similar to the continuous 
operation of a water softening plant. The problem becomes the 
measurement of the kinetics of crystallization of calcium 
carbonate in a MSMPR crystallizer. 
Most studies of continuous crystallization have been on 
systems of heavy suspensions (-70g/l) with little or no 
interest in systems of light suspensions (-0.3g/l). The 
crystals of the heavy suspensions usually grow to large 
enough size (>100y) that screening can be used to determine 
the crystal size distribution (CSD). Measurement of the CSD 
under controlled operation yields tne kinetic data. For the 
light suspensions in this research the crystals were too 
small (<100y) for screening thus a method for measuring small 
sizes was needed. The Coulter Counter Model TA has the 
capabilities of measuring the CSD in Luis range. 
To obtain the kinetics for the precipitation of calcium 
carbonate the technology of water chemistry and that of con­
tinuous crystallization was required. The modern measuring 
techniques of the Coulter Counter Model TA were also needed. 
The water softening process was simulated under care­
fully controlled conditions so that the kinetics of precipi­
tation could be determined. This was accomplished by treating 
artificially hardened water (calcium sulfate solution) with 
soda ash (sodium carbonate solution) continuously in a labora-
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tory reactor. The experiments involved determination of the 
operating conditions and crystal size distribution measure­
ments at steady state operation. Thus, the measurements were 
made at conditions similar in nature to those taking place 
in a water softening plant. 
The experiments were carried out at various residence 
times and various feed ratios. The procedure section explains 
the steps taken for a typical experiment, say, for a 10 
minute residence time. 
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EXPERIMENTAL 
Experimental Equipment 
A simplified flow diagram of the experimental equipment 
is shown in Figure 5. Figures 6 and 7 are pictures of the 
actual equipment used. 
Coulter counter 
The Coulter Counter Model TA with sampling stand of X-Y 
recorder was used to measure and record the crystal size 
distribution. The complete set-up is shown in Figure 8. 
The Coulter technique involves using a vacuum supply to 
draw a sample of crystal suspension through a small aperture. 
The electronics of the Coulter counter provide the necessary 
circuitry to convert the signal received from the sampling 
device to familiar results. One electrode is located on the 
jL lia w j_ uiic u u.wr- aiiu. Uiic J- j lo x w a. i-c: va -i-ii uiic 
crystal suspension. The solution must be an electrolyte so 
that a current can be passed through it= The best electro­
lyte and its proper strength is determined by experiment. A 
constant current is placed between the electrodes which re­
sults in an electrical resistance across the aperture. As 
each particle passes through the aperture it displaces its 
own volume of electrolyte within the aperture. The crystal 
passage produces a voltage pulse of short duration having a 
magnitude proportional to the crystal volume. The pulses are 
CONSTANT 
METERING 
PUMP 
NaXO^ FEED 
TANK 
MIXER DISCHARGE 
RPM 
CONTROLLER 
TIME DELAY 
RELAY 
CO 
TANK 
SAMPLE 
COULTER 
COUNTER 
Figure 5. Experimental equipment flow diagram 
Figure 6. Experimental equipment 

Figure 7. Experimental equipment 

Figure 8. Coulter Counter Model TA and sampling stand 
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then amplified, scaled, and sorted into 16 different size 
ranges. The results are displayed as volume per cent in a 
certain size range. 
The model TA allows sampling of a specified volume (0.5, 
1.0, 2.0 ml), a specified count, or a specified time. The 
results are displayed in terms of a differential size distribu­
tion or a cumulative size distribution based on volume. The 
user can then record the results on a data sheet or plot them 
automatically with a X-Y recorder. 
Crystallizer 
The mixed suspension mixed product removal (MSMPR) 
crystallizer used was a 5-1/2 liter, plexiglass cylindrical 
vessel equipped with a draft tube, three baffles and a 
propeller type agitator as shown in Figure 9. It was designed 
so that the suspension and the mother liquor are well mixed 
with minimum power input by the agitator. It was large 
enough so that sampling would not result in appreciable dis­
turbance to the system. The direction of flow was down the 
draft tube and up in the annular area. 
Studies hy Becker (4., 5) and Davitt (11) show that it 
is important to insure isokinetic withdrawal. To minimize 
the effects of classified withdrawal, the product withdrawal 
tube was placed parallel to the circulation flow and the 
withdrawal was made in the direction of flow. 
Figure 9. Mixed suspension mixed product removal 
crystallizer 
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Time delay relay 
Because the experiments ran at 10-30 minute drawdown 
times, the average outflow was too small to withdraw con­
tinuously without classification. Hence, it was necessary to 
use intermittent product withdrawal so that high withdrawal 
velocities could be achieved. 
To accomplish intermittent withdrawal, a time-delay re­
lay was constructed. A copper electrode sensed the liquid 
level. A glass shield was constructed for the copper elec­
trode to prevent splashes of liquid from activating the relay 
prematurely. When the solution reached the electrode height, 
the time-delay relay activated a pump which ran for a pre­
determined length of time. This length of time could be 
adjusted with a potentiometer for any time between one and 
eleven seconds. Also, the time-delay relay has a variac 
Hnilt- in wh i r>h a 1 1 nwc -i n G+-mor>+- mf -t-'hcs wi-t-1 1 mc i 
With these two controls, any desired per cent of crystallizer 
volume could be removed while maintaining isokinetic with­
drawal velocities. 
Discharge pump 
An Eastern Industries pump was used for the discharge. 
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Agitating system 
The stirring meter was a Cole-Parmer constant speed 
control unit and drive. The control unit (Model 600-013) 
has a range of 0-3000 rpm. The stirring rod, made by the 
glass shop, was one foot long and has three blades. Glass 
was used because stainless steel transmitted electrical noise 
which interfered with the time-delay relay. 
Feed pumps 
A dual ChemFeeder contact metering pump was used to 
deliver the feed through filters to intermediate storage tanks. 
Three Masterflex variable speed drive with solid state 
controller units transferred the feed solutions to the reactor. 
Masterflex pump head number 7 013 with a range of 1.8 to 36 
ml/min was used for the sodium hydroxide feed. Pump head 
number 7014 with a range of 7.5 to 150 ml/min was used to 
pump the sodium carbonate. Pump head number 7015 with a 
range of 48 to 960 ml/min was used for the calcium sulfate 
feed. 
In-line filters 
A Pall Disposable Filter Assembly, Number MBY2001URA, 
0.35 microns was used to filter the sodium carbonate. An 
Aqua-Pure filter assembly with replacement cartridges, 5 
micron, was used to filter the calcium sulfate. The feeds 
were filtered to prevent extraneous particles from entering 
the system. 
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Spatulas 
A commercial grade Rubbermaid spatula was used for keep­
ing the stirring rod and the inside of the crystallizer from 
scaling. A special spatula fabricated from plexiglass and 
the rubber part from a spatula was used to scrape the bottom 
of the crystallizer. 
Storage tanks 
Three 55 gallon stainless steel tanks were used. Two 
stored the calcium sulfate feed. The third was used to 
store distilled water. A 5 gallon pyrex bottle held the 
sodium carbonate feed. A 15 gallon pyrex bottle was used for 
the sodium hydroxide storage. Several 5 gallon polyethylene 
bottles were used for the intermediate feed tanks and 
auxiliary storage. 
Filters 
Two 350 ml pyrex buchner funnels with fine pores were 
used to separate the calcium carbonate crystals from the water. 
These filtered out crystals greater than 5 microns. The 
filter used to measure suspension density was cut flat at 
the base, the joint between the funnel and the filter was 
ground and hooks were installed. This allowed the two 
pieces to be held together while filtering but they could 
be separated to make drying and weighing convenient. 
54 
Oven 
A Blue M Electric Company oven was used to dry the 
filtered crystals for the suspension density measurement. 
Balance 
A Seko precision double-pan balance with sensitivity of 
1/5 mg was used for weighing the crystals for the suspension 
density measurement. 
pH meter 
A Beckman Model pH meter was used. Two glass electrodes 
provided the sensing. 
Titration equipment 
This consisted of three 50 ml burettes, a magnetic 
stirrer, and the appropriate pipettes for sampling. 
A f m » o 
The calcium sulfate was dissolved by a 3 speed Lightning 
Model 10 mixer. A variable speed mixer from the Greiner 
Scientific Corporation was used to dissolve the sodium carbo­
nate. 
Water still 
The distilled water was provided by a Barnstead water 
still. It had a capacity of approximately 1-1/2 gallons 
per hour. 
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Experimental Procedure 
Pre start up 
The reactant solutions were prepared one day before 
the experiment. Although the solubility of calcium sulfate 
is 1.7 g/1, it was found that only about 1.0 g/1 could be 
dissolved in water in a reasonable length of time. Since 
natural waters have a hardness of 100-700 ppm as calcium 
carbonate, it was decided that hard water in that range 
should be used. A concentration of 0.5 g/1 of calcium 
sulfate (which corresponds to a hardness of 442 ppm as 
calcium carbonate) was considered representative. For an 
experiment of about 20 residence times, a feed reservoir of 
calcium sulfate of approximately 50 gallons was needed. 
Sodium carbonate is very soluble in water, hence almost any 
concentration could be used= By taking into consideration 
the flow range of the pumps available and the 5 gallon 
reservoir acquired, it was determined that a concentration 
of 4 g/1 was most convenient. 
The feed solutions were prepared by weighing approximate­
ly the amount of dry chemical needed and dissolving it in the 
reservoirs. The calcium sulfate was mixed for at least three 
hours before the concentration was checked. The concentrations 
were determined titrimetrically and adjusted according to the 
results. It was found that the most expedient method was to 
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make the solutions slightly strong and adjust the concen­
tration by adding distilled water. This eliminated having 
to wait for the dry chemical to dissolve. 
The concentration of the calcium sulfate was determined 
by titrating a 50 ml sample with .01 molar EDTA using calmagite 
as an indicator. This is the standard method used for deter­
mination of calcium plus magnesium found in a quantitative 
analysis text by Diehl (14) . The indicator has a sharp 
endpoint changing from pink to sky blue. Calmagite is more 
expensive than gold, but fortunately it takes only .05 grams 
to make up 100 ml of indicator. 
The concentration of sodium carbonate was determined by 
titrating a 50 ml sample with 0.1 normal hydrochloric acid 
using either methyl orange or a mixed indicator (bromocresal 
green and methyl red) to determine the endpoint. The mixed 
indicator is the one used in alkalinity titrations and 
directions for preparation can be found in Standard Methods 
(39). The author prefers the mixed indicator because it goes 
through several color changes just prior to the true end-
point. Either indicator requires some experience. 
Prior to the start up, the clean filter used for the 
suspension density measurement was placed in the oven pre­
heated to 105°C and left there for at least two hours. 
Later it was removed, cooled, and the dry, empty weight re­
corded. 
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At least two hours before the start up of the experiment, 
approximately 2 gallons of the feed solutions were pumped by 
the ChemFeeder pump through the line filters to the reservoirs. 
The intermediate reservoirs, which were two 5 gallon poly­
ethylene bottles, became necessary because it was found that 
plugging of the in-line filters caused a decrease in the feed 
flow rates. The ChemFeeder pump could be adjusted during 
the run to keep sufficient feed in the reservoir. Masterflex 
pumps were used to maintain constant flow from the intermediate 
reservoirs to the reactor. 
The Masterflex controllers were not of the best quality. 
For a given setting on the controller, the pumps would not 
hold a constant rpm. It was discovered that by using stop­
cock grease on the rollers in the pump head and letting them 
run at least two hours before start up, fairly constant flow 
rates could be maintained. There was usually no more than 
+ 3% variation in the flow rate over a 4 hour run. The flow 
rates were set before the run was started by measuring the 
delivered volume for one minute in appropriately sized 
graduated cylinders. 
Determination of the feed flow rates 
The appropriate flow rates for each feed stream were 
determined by a mass balance. The reactor operating volume 
was approximately 6000 ml. For a residence time of ten 
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minutes, 600 ml/minute of feed should be delivered. For 
example, if stoichiometric amounts of the feeds are delivered 
to the reactor, the flow rate of each stream can be deter­
mined. The volumetric flow in equals the volumetric flow 
out. 
^^CaSO^ 
where ml refers to flow rates in ml/min. Each mole of 
calcium sulfate fed requires one mole of sodium carbonate, 
therefore 
^CaSO^ ^Na^CO^ 
where MW is molecular weight and C is concentration. Equa­
tion (26) can be solved for ml^ in terms of ml.. . 
The resulting expression is substituted into Equation 
(25) to obtain the necessary flow rates of each feed stream. 
The feed flow rates for the other residence times are calcu­
lated in a similar manner. 
Start up 
When it was determined that the feed flow rates were 
holding constant the experiment was begun. The reactor was 
charged with distilled water to reduce an unusually high 
initial nucleation. The experiment was begun simply by 
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entering the two feed streams, adjusting the stirring speed 
to the desired rpm, and turning on the time delay relay. 
Operating conditions 
If the crystallization was allowed to take place un­
attended, there soon developed a severe build up of calcium 
carbonate on all parts of the crystallizer. It was determined 
that about 4 0% of the nucleation and growth was taking place 
on the walls, the stirring rod, and the baffles of the crystal­
lizer. The build up would have significantly affected the 
results. This problem will be discussed in more detail in 
a later section. 
To prevent crystal buildup in the reactor, all the in­
side parts were scraped every five minutes with special rubber 
spatulas. This procedure virtually eliminated the calcium 
carbonate buildup. 
The crystallization was carried out at room temperature 
which varied between 23°C and 24°C. 
The reactor volume was calibrated so that the volume 
could be determined from a measurement of the distance between 
the liquid level and the top of the reactor. Since the dis­
charge intermittently withdrew about 5% of the reactor 
volume, the reactor volume was taken to be the average of 
the maximum and minimum volumes. 
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Sampling 
After the crystallization reached steady state, which was 
about ten residence times, sampling was begun. Little change 
in size distribution was observed after this time. 
Coulter counter sampling 
After ten residence times a 50 ml sample was withdrawn 
from the reactor. It was immediately diluted with 150 ml 
of supersaturated calcium carbonate solution. The sample 
was then placed on the sampling stand of the Coulter counter. 
As soon as it was determined that there was not excessive 
noise, the count was begun. This procedure took less than 
20 seconds. 
A 280y aperture tube was used for the sampling. The 280u 
refers to the diameter of the aperture through which the 
sample is drawn. Any one crystal or combination of crystals 
larger than 280y would plug the aperture. The full range of 
accuracy for the aperture tube is between 2% and 40% of the 
aperture diameter. Therefore, the best calibration standard 
to employ is one which falls between 5% and 20% of the aper­
ture diameter. Lycopodium with an average diameter of 27.5y 
was chosen as the calibration standard. The 280w aperture 
tube was calibrated several times with identical results, so 
the settings obtained were taken to be correct. The cali­
bration procedure was obtained from the manual. 
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The Coulter Counter Model TA offers several modes of 
operation. In the manometer mode a sample of either 0.5, 1.0, 
or 2.0 ml can be drawn. The Coulter counter will record the 
volume per cent of each size, the time to draw the sample, 
and the total number of crystals counted. In either the time 
or count mode, the Coulter counter samples until either the 
time or the count reaches the preset value. 
Because counts per unit volume were needed the manometer 
mode seemed to be the most convenient and accurate. Unfortu­
nately, with the 280iJ aperture tube 2 ml of sample did not 
provide enough counts for reliable statistical results. By 
experiment it was determined that it took 6.95 seconds to 
draw a 2 ml sample. The time mode on the Counter counter was 
set at 63.0 seconds which corresponds to 18.1 ml of sample. 
This was sufficient sample to obtain reliable results. 
'I'ho camnlo -fT-nm -hho a "i 1 i "zat tri rîi1nrp>n in 
order to get accurate results. If the sample has too many 
crystals per ml, it is likely that one will get coincident 
passage through the aperture. The proper dilution is deter­
mined by continual dilution until the size distribution does 
not change. It was determined that a 3 to 1 dilution was 
sufficient. 
Calcium carbonate scaling became a problem in taking 
samples with the Coulter counter. The calcium carbonate 
would stick to the electrodes, the inside of the aperture 
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tube, and in the aperture itself. The buildup became sig­
nificant if several samples were drawn successively. 
It was found that the best results were obtained by 
cleaning the system after each sampling. After each sample 
the aperture tube was flushed with 0.3 normal hydrochloric 
acid and allowed to set for a few minutes. Then the hydro­
chloric acid was flushed out with distilled water. Just 
prior to taking another sample the aperture tube was flushed 
with electrolyte. This procedure was time consuming but 
necessary. It usually took about 10 minutes to draw the 
sample, clean the system, and record the data. 
The Coulter counter's accuracy is improved by taking 
several samples and averaging the results. Since it was 
necessary to clean the system between sampling, only 3-5 
samples could be taken over 10-13 residence times. 
Supersaturation measurement 
It was hoped that good supersaturation measurements could 
be made with this system. The EDTA titration method provides 
a very reliable determination of calcium at low concentrations. 
At the same time a sample was taken for the Coulter counter 
a 150 ml sample was taken and filtered through a fine Buchner 
filter. Immediately, 100 ml of the filtered solution was 
titrated with 0.01 molar EDTA. The method used was the 
determination of calcium plus magnesium found in Diehl (14). 
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The endpoint was not very sharp due to dissolution of very 
fine calcium carbonate that passed through the filter. Be­
cause it was a small amount, it was considered not to be a 
significant error. The results, reported in ppm as calcium 
carbonate, were compared to the solubility of calcium carbonate 
and the difference was the supersaturation. 
Alkalinity measurement 
Alkalinity determination was considered to be very im­
portant in this research. The method used for the alkalinity 
determination was that reported in Standard Methods (39). 
Immediately following the supersaturation measurements, 
200 ml of sample was withdrawn from the reactor and filtered 
through a fine Buchner filter. Then, 50 ml of this solution 
was titrated with 0.01 normal hydrochloric acid. It was 
first titrated to the phenolphthalein endpoint and then a 
mixed indicator was added and the sample was titrated to the 
second endpoint. 
About 50 ml of the filtered sample was used for the 
measurement of the pH by a Beckman pH meter. The pH readings 
were in the range of 9.5 to 10.5 pH. Therefore, the pH meter 
was "zeroed" with a buffer of pH 10.0. The maximum error in 
this range was + .02 pH units. 
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Suspension density measurement 
The suspension density is the weight of crystals per 
volume of mother liquor in the reactor. These experiments 
were carried out at very light suspension densities of the 
order of 0.3 g/1. It was very difficult to measure the 
light suspension accurately. However, reasonably good re­
sults were obtained by the following procedure. 
As mentioned before the clean, fine, Buchner filter 
was dried and weighed. After eleven residence times, 2000 
ml was withdrawn from the reactor and filtered. The 2000 ml 
was withdrawn 500 ml at a time. Each successive 500 ml was 
withdrawn after the previous 500 ml was filtered. This pro­
cedure was followed to reduce the possibility of further 
crystallization while the sample was waiting to be filtered. 
The sample size of 2000 ml was decided upon because it was 
thought that a large sample would reduce the experimental 
error. 
After the sample was filtered, the filter with the 
crystals was dried in the oven maintained at 105°C for at 
least 3 hours. It was then cooled and weighed. 
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DATA ANALYSIS 
Coulter Counter Data Reduction 
The Coulter Counter Model TA records the total number 
of particle pulses, n^. Each time a particle passes through 
the aperture it produces a pulse. Also the Model TA dis­
plays the volume percent in each channel, V^, so that 
ZV. = 100. For analysis of the size distribution it is 
i 1 
necessary to convert the recorded volume percents to num­
bers in each channel, N^. 
Each channel in the Coulter Counter Model TA represents 
twice the volume of the previous channel. That means that 
each volume per cent in say channel 15 represents twice as 
many particle pulses as a volume per cent in channel 16. 
Based on this argument define as the relative number of 
ùâi'ticlê pulses per volume per cent. Since P: ' s are relative 
X 
numbers one can assign any number to one of the P^'s which 
fixes all the other P^'s. For convenience assign P^g = 1. 
Then P^g = 2, P^^ - 4, etc. down to P^ = 32,768. Or 
16-i 
compactly, P^ = 2 
From these definitions then V^P^ is the relative number 
of particle pulses in channel 1. The IV.P. is equal to the 
i ^ ^  
total relative number of particle pulses in all the channels. 
The fraction of particles, f^, in channel i is then 
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Since n^ represents the total number of particles, the number 
of particles in each channel, Nj^, is given by 
V.P. 
^i EV.P. "T 
i l l  
And letting K = n^/ZV^P^ we obtain 
Ni = (ViPi)K 
Knowing the numbers in each channel it is a matter of addi­
tion to obtain the cumulative numbers. 
Treatment of the Crystal Size 
Distribution Data 
As presented in the theory section, the nucleation 
rate, , the nuclei density, n°, and the growth rate, G, 
can be determined from the measurement of the crystal size 
distribution. The conditions of the experiments in this re­
search were: (1) constant crystallizer volume, (2) steady 
flow into and leaving the crystallizer, (3) no crystals in 
the inlet, and (4) a well mixed crystallizer. If birth and 
death of crystals due to attrition does not occur, the popu­
lation balance reduces to 
+ 2. = 0 (14) 
dL T 
If G ^ G(L), then the solution to Equation (14) is 
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n = I? exp(-L/GT) (15) 
By plotting n vs. L on a semilog plot both G and n° can be 
determined. 
The raw data from the Coulter counter is most easily 
converted to cumulative numbers versus size. Thus con­
verting to number density requires taking the derivative of 
the cumulative numbers plot since nuclei density is defined 
by Equation (27). 
n = IE (27)  
Obviously, a method where G and n° were determined from the 
cumulative numbers plot would be more accurate. 
Dallons (10) pointed out that the number of particles per 
unit volume in a given size range, say L, to «>, is given by 
N(L^,°°) = ndL (28) 
L, 
N(L^, = ) represents the nuraber of particles larger than L^, 
Substituting, n'.L) from Equation (15) into Equation (28) 
yields 
00 
n° exp(-L/GT)dL 
h 
N(L, ,°°) = 
Upon performing the integration one gets 
N(L^,») = n°GT exp(-L^/Gi} 
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Therefore, by plotting log(N(L,™)) versus L the results 
should lie along a straight line with slope of -1/2.302 GT 
and intercept equal to log(n° GT). 
In obtaining Equation (15) it was assumed that G ^  G(L). 
If this assumption were incorrect the results would not lie 
along a straight line on a semi-log plot. 
Having obtained G from the slope and n° from the 
intercept, B° can be determined by Equation (29). 
= n°G (29) 
This then gives the data in the form needed for the kinetic 
study. 
Figure 10 is a typical plot of the log N versus L from 
Experiment 28, sample 4. For this experiment the slope was 
determined to be -0.0603. Since T = 20.5, then G = 0.351. 
The intercept is 102,200. The nuclei density, n^, is 14280, 
and B° is 5010. 
Computer Program for Analysis 
of the Data 
The previous sections outlined the procedure for data 
reduction. Usually each experiment involved taking at least 
five samples, therefore the time to convert the Coulter 
counter data to numbers, plot the data, and calculate inter­
cepts and slopes would have been very time consuming when done 
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Figure 10. Typical plot of the CSD, experiment 28, 
sample 4 
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by hand. Also, a least squares line was desirable to elimi­
nate bias. 
A computer program was written to perform the data 
reduction. It is shown in Appendix A. In performing the 
least squares calculations and plotting the results, any 
number counts less than 10 were discarded. It was felt that 
less than 10 counts was not statistically significant. 
Suspension Density 
Measurement 
The suspension density can be determined three ways. 
First, a known volume of the suspension can be filtered 
and weighed. Second, with known feed and known supersatura-
tion, the suspension density can be calculated from a material 
balance. Third, the suspension density can be calculated from 
+• ho -f" h "i t"H mrMTto-n-f- ctto rRTC"f-r"TV>n+*-ir>r> 
Filtering 
Two liters of the suspension were filtered and dried. 
The results were.reported as grams per liter of calcium 
carbonate. Due to the small amount of crystals involved 
(0.3 g/1) and the weight of the filter (170 g), the error in 
the measurement could be as high as 10%. The errors could 
be due to inaccurate weighings, loss of crystals, or excessive 
crystallization during filtering. 
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Material balance 
A material balance around a steady-state MSMPR crystal-
lizer yields 
i - inlet 
0 - outlet 
C - concentration 
Q - volumetric flow rate 
- suspension density 
The inlet concentration is known precisely, the inlet and 
outlet flow rates could be + 3% in error. As discussed in 
the section on supersaturation there was some difficulty in 
measuring Cq. Based on these observations it is quite 
likely that the measured by this method could have an 
error as large as 10%. 
Third moment 
The total mass in a fluid-solid system is given by 
«T = ICiOi-CoOol/Oo i^ l "-0^ 0 
where 
L^n (L)dL (30) 
where 
p = crystal density 
k = volumetric shape factor 
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For a MSMPR crystallizer at steady state, n(L) = 
n° exp(-L/GT). Substituting n(L) into Equation (30) and 
integrating obtain 
= 6pk^n°(GT)4 
for a sphere is ^  and p for a calcium carbonate is 2.711 
(20), therefore since T is known and n° and G can be deter­
mined from the size distribution, can be calculated from 
Equation (31). 
= 2.711 ÏÏ n°(GT)4 (31) 
The errors arising from the determination of from the 
third moment are those attributed to inaccurate measurement 
of the size distribution. 
If the measurement of by the first or second method 
could be relied upon then one could force the from the 
size distribution to equal the measured. Throughout the 
experiments, was not varied more than 10%. Considering 
the likelihood of a 10% error in the measurement of M^, the 
calculated from a least squares time through the crystal 
size distribution data was considered to be sufficiently 
accurate. The M^'s by the three methods were compared and 
if they varied only slightly, the results were accepted as 
being accurate. 
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Supersaturation Data 
A sample from the reactor was titrated with EDTA to 
determine the amount of calcium. The calculation procedure 
for determining ppm calcium carbonate was that reported by 
Diehl (14). 
ppm CaCOg = (per cent CaCO^)(10000) 
ppm CaCO^ = 
(mlg^^^) (Mggrp^) (millimolecular wt. CaCO^) (100) (10000) 
wt. sample 
The molarity of the EDTA, the millimolecular wt. CaCO^, and 
the sample weight are all known and the is determined 
from the titration. 
The concentration, C, of calcium in the reactor is the 
ppm CaCOg calculated above, C^, the solubility of calcium, 
is calculated from solubility information. Supersaturation, 
s, can then be found by subtracting from C. 
Alkalinity Data 
A sample from the reactor was titrated with standard 
hydrochloric acid. The pH and the temperature were recorded. 
A dissolved solids analysis was performed on two samples 
by the analytical lab. Both times the result was approxi­
mately 500 ppm dissolved solids. Because the dissolved solids 
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analysis is not easy to perform and a 30% error has negligible 
affect on the results, the value of 500 was used for all ex­
periments. 
The calculation of total alkalinity is reported in 
Standard Methods (39) as 
,ml acid to reach,,» ^cnonn 
total alkalinity as_ second endpoint HCr 
mg/1 CaCOg " (ml sample) 
where N is the normality of hydrochloric acid. The total 
HCl 
alkalinity, pH, temperature, and dissolved solids determine 
the breakdown of carbonate, bicarbonate, and hydroxide alka­
linity along with the calcium solubility. The calculation 
procedure is quite tedious, therefore a computer program was 
written in BASIC language of CPS (Conversational Programming 
System). The equations for the computer program are pre­
sented elsewhere in this dissertation and the calculations 
are straightforward. 
The alkalinity calculations require K , . and K 
w' z sp 
as functions of temperature, Harned and Scholes (22) present 
values for over a wide range of temperatures. Harned and 
Owen (21) report values for for several different tempera­
tures. Each reference has presented the K values in equation 
form as functions of temperature. They are 
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log Kg 2902.39 Temp + 5.4980 - 0.02379 Temp 
log K 
w 
5242.39 
Temp + 35.3944 - 0.008530 Temp 
11.8261 log Temp 
where Temp is in °Kelvin. Only raw data could be found 
for K „ as a function of temperature. The values for K 
sp sp 
from Larson and Buswell (26) and Fair, Geyer, and Okun (18) 
are shown in Table 1. The data was fit by the author using 
a least squares analysis. The resulting equation is 
log K = -8.021586 + 488.89891/Temp 
sp 
00655641 Temp 
Table 1. as a function of temperature 
Temperature ^ „9 
°C ^sp ^ 
5 
10 
15 
20 
25 
30 
40 
50 
60 
u 9.550 
8.128 
7.079 
6 . 0 2 6  
5.248 
4.571 
4.074 
3.090 
2.344 
1 = 820 
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RESULTS, DISCUSSION, AND APPLICATION 
Scaling 
The deposit of calcium carbonate on surfaces it comes in 
contact with has plagued people in the water softening in­
dustry for years. The industry has learned ways to deliver 
softened water that is nonscale forming. However, little 
can be done in the reactor where the softening is taking 
place. 
The magnitude of the scaling problem was not reckoned 
with when experimentation began. Several experiments were 
run at various residence times for as long as 30 residence 
times, but steady state conditions were not achieved. All 
possible sources that could contribute to the unsteady state 
conditions were examined and adjustments were made. After 
the adjustments,- the crystallization still did not reach 
steady state so it was concluded that the scaling was causing 
the unsteady state behavior. 
Up to this time sampling was begun after 10 residence 
times. An attempt was made to find some point in time where 
scaling was not very important and the reactor had essential­
ly reached steady state- The results of Experiment 16 are 
shown in Figure 11. A Coulter counter sample was taken at 
each residence time from 3-12. As Figure 11 shows, the 
nuclei density exhibits a declining trend after about 7 
Figure 11. Nuclei density versus residence time for 
Experiment 16 
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residence times. It seemed obvious that with the scaling 
problem there was little hope of getting good kinetic data. 
It required at least 7 residence times to even approach steady 
state and by that time the scaling was significant enough to 
drastically alter the results. 
The amount of scale formed during an experiment is of 
interest. After an experiment was completed, the scale v;as 
dissolved in hydrochloric acid and then titrated for calcium. 
From the titration the weight of the scale could be deter­
mined. The weight of the scale was then compared to the ex­
pected rate of make. The results showed that with the baffles 
in the reactor over half the rate of make was going to form 
scale while the rest or it was being removed in the discharge. 
It was also observed that the amount of scale formation was 
a function of the area available for deposit. Thus by re­
moving the baffles the scale formation was reduced by 50%. 
In light of the evidence, it was imperative that the 
scaling problem be solved in order to obtain good kinetic 
data. One possible solution was to build the reactor from a 
material that the calcium carbonate would not adhere to. 
Teflon, cellophane, and aluminum foil were tried with no 
positive results. The only positive observation was that 
the scale was more easily removed from the teflon. 
Another way to solve the scaling problem was to keep the 
surface continually clean. Use of ultrasonic vibrations was 
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investigated, but the cost of a unit large enough was pro­
hibitive. Also, it was feared that even if one did clean the 
surface with ultrasonics, the kinetics of crystallization 
might be affected. 
Continual scraping to prevent the buildup appeared to be 
the only practical solution. Rubber spatulas worked well to 
keep the reactor clean. Scraping every five minutes seemed 
sufficient to keep the inside of the reactor free from scale. 
Continual scraping of the reactor solved the problem. Once 
scraping was initiated steady state was achieved after about 
10 residence times. 
Calcium Carbonate Crystal 
Structure 
There are essentially three crystalline forms of calcium 
carbonate. They are calcits, aragcnitc, and vatsrite (12), 
(48). Calcite and aragonite are found in nature. 
A sample of crystals of calcium carbonate was taken 
from a typical experiment. The crystals were filtered and 
dried. These crystals were then studied under an electron 
microscope. 
Figure 12 shows a group of the calcium carbonate 
crystals. Figure 13 is a close up of one of the crystals and 
Figure 14 is a look at the surface of the crystal in Figure 
13. 
Figure 12. Photomicrograph of several calcium carbonate 
crystals 

Figure 13. Photomicrograph of one calcium carbonate crystal 

Figure 14. Photomicrograph of surface of crystal in Figure 
13 
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These crystals do not bear any resemblance to the cal-
cite or aragonite forms. The photomicrographs were compared 
to those shown by Dedek (12). Figures 12, 13, 14, and 15 
most closely resemble the form called vaterite. Figure 16 
is definitely of the calcite form. 
Wary and Daniels (48) studied the precipitation of 
calcium carbonate. In their paper they did not have any 
pictures but they described the forms they observed. They 
describe vaterite as being spherulitic, which fits what is 
seen in Figures 12-15. Wary and Daniels (48) carried out 
experiments whereby they measured the amount of each form of 
crystals at different temperatures and different retention 
times. They report that at 30°C and 6-30 minute retention 
time that at least 90% of the crystals were of the vaterite 
form and the balance were calcite. The author observed that 
among the crystals examined under tne electron microscope 
several crystals were like the one in Figure 16. It was 
concluded that the sample examined was mostly vaterite 
with a small amount of calcite. This observation is in 
agreement with the observations of Wary and Daniels (48). 
It is interesting to examine the surface of the crystal 
shown in Figure 14. The crystal seems to have "fingers" 
protruding from the surface which could be an explanation of 
why the crystals like to cling to other surfaces. 
Figure 15. Photomicrograph of calcium carbonate showing a 
ribbon structure 

Figure 16. Photomicrograph of a calcium carbonate crystal 
of the calcite form 
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Coincident Crystal Passage 
A series of Experiments, 17, 18, and 19, were carried 
out with stoichiometric feed material. These experiments 
were at 10, 20 and 30 minute residence times. As an example, 
the data from Experiment 17 is shown in Figure 17 plotted as 
cumulative numbers versus size. As discussed earlier if 
there is no size dependent growth the data should fall along 
a straight line. However, inspection of Figure 17 indicates 
the data seems to follow a concave curve. Also, the raw 
data from the Coulter counter showed that there were no 
crystals in the 6.35 micron size range. This result is not 
physically realistic. What was observed probably was due to 
either size dependent growth or improper sampling. 
After experimenting with different sampling techniques 
it was concluded that the samples were too concentrated. 
The concavity in the curve was caused by coincident crystal 
passage. The small crystals were transversing the aperture 
simultaneously with the larger crystals. When the sample 
was diluted 3 to 1 with supersaturated calcium carbonate the 
data fell along a straight line. Also, the calculated sus­
pension density from the size distribution agreed closely 
with the measured suspension density. 
Figure 17. Plot showing the result of coincident crystal 
passage (Experiment 17) 
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Maximum Carbonate Concentration 
Through the years there has been much discussion as to 
what control variable should be used to operate a water 
softening plant efficiently. It was thought that pH should 
be the control variable and several pH values were offered 
as being the proper pH. 
It seems logical that a water softening plant should be 
run at a condition where calcium carbonate has minimum solu­
bility. Also this condition should be achieved with minimum 
chémicals. 
Cleasby^ observed that rather than operating at a 
specific pH the plant should operate at maximum carbonate 
concentration (minimum calcium carbonate solubility) which 
occurs when T/P =2. T is the total alkalinity and P is the 
phenolphthalein alkalinity defined in the section on alkalin­
ity. For the kinetic data taken in this investigation to be 
of much practical use it was felt that data should be taken 
under optimum operating conditions. 
From previous experiments, it w^s observed that by add­
ing a stoichiometric a^iount of sodium carbonate to treat the 
calcium sulfate solution a T/P greater than three was ob­
tained. The problem was one of determining the appropriate 
operating conditions to obtain a T/P = 2. The condition of 
^Cleasby, J. L., Ames, Iowa. Private Communication. 
1973. 
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T/P = 2 as being an optimum condition was heretofore only an 
empirical result. The following analysis shows it can be prov­
en that when T/P = 2 the carbonate concentration is maximum. 
For pH > 3.5, H can be ignored in the definition of 
alkalinity. T is then defined as 
T = HCO3 + CO^ + OH 
and P is defined as 
P = CO3/2 + OK 
Next, form the ratio, T/P, and set equal to 2. 
HCO. + COq + OH 
I = CO3/2 + OH = 2 (32) 
Equation (32) simplifies to 
HCO3 + CO + OH = CO + /OH (3j) 
After cancelling like terms in Equation (33) the result is 
HCO3 = OH (34) 
Wg know then from Equation (34) that when T/P = 2. HCO_ 
must equal OH. 
Remembering Equation (9) and rewriting Equation (6) to 
obtain 
T/50000 + [H+] - K'/[H^] 
[HCOr] = T (9) 
1 + 2K^/[H ] 
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[OH"] = (35) 
Since [HCO^] = [OH ] set Equation (9) equal to Equation (35) 
and drop [H^] for pK greater than 8.3. 
K' T/50000 - KV [H"^] 
^ w_ (36) 
[H ] 1 + 2KJ/[H ] 
+ 2 
Rearrange Equation (36) and multiply both sides by [H ] 
to obtain 
^ . 2K' 50000 . 2K; K' 50000 |H+]2 - IH+, - = 0 (37) 
The quadratic formula can be applied to Equation (37) and 
discarding the negative solution as being impossible the 
result is an expression for [H^]. 
K' 50000 
r - T ,  _  W  / T  .  V  
^ T ' 50000 K' ' 
w 
1 , 6 \ \ / 
The conclusions drawn from the above derivation are 
that at T/P = 2, HCO^ = OH and [H^] can be determined. Thus 
pH can also be found. With knowledge of [H^], both HCO^ and 
CO2 can be calculated. 
[H^] can be calculated from Equation (38) when T/P = 2. 
Next it is interesting to compare Equation (38) to what one 
would obtain when carbonate is a maximum. 
The equation for calculating [C0=] was given by Equation 
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(10). For pH > 8.5, is negligible hence 
T/50000 - K'/[H+] 
[C0=] = (39) 
2(1 + [H ]/2K%) 
First, compute d[CO^]/dpH. 
Rearranging Equation (39) and letting A = 50000 obtain 
[COe] T/A - KVIH"^] 
(40) 
^2 [H+] + 2K^ 
By the chain rule 
d[CO=] d[CO=] d[H^] 
— = (41) 
dpH dpH 
Since pH = -log[H^] (42) 
is found by differentiating Equation (42). 
upn 
= -[H+]ln 10 (43) 
Substituting Equation (43) into (41) and setting equal to 
zero 
A r PHrr 1 H [(^0=1 
^ I o-» — .>•» _L 
Since [H^] In 10 is never zero for [H^] > 0, the maxi­
mum must occur when 
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Differentiating Equation (40) with respect to [H^] 
results in 
- d[CO=] 2KlK'/[H+]2 + 2K'/[H^]-T/A 
K R  F  = 0  ( 4 4 )  
2 d[H ] ([H ] + 2K^)^ 
The only way Equation (44) can be zero is for the 
numerator to be zero if [H"*"] > 0. 
Therefore, 
'4% 'K T -
[H"]2 [H+] ^ 
+ 2 
Multiplying both sides by [H ] , rearranging 
, . 2K'A , 2K'K 'A 
[H  ^  [H^]  =  0  (45 )  
The solution to Equation (45) can be found by applying the 
quadratic formula. 
+ , "w 
V  '  h  I I I  M i l l  I  / K  •  ' I '  
[H ] = (1 ±\ 1 + ) 
K' 50000' 
W 
2K; T + 
Since 1 + '50000 1 ^ and [K ] >0, the proper 
w 
solution is 
+ .  K  50000 L  T 
IH  I  =  u  + U i  +  K . ' c tooo '  
' w 
Examination of the second derivative confirms that a 
maximum was determined. The details are given in Appendix B. 
Observe that Equation (45) is identical to Equation (38). 
This analysis proves then that when T/P = 2, [C0=] is maximum. 
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and [HCOg] = [OH ]. This result is a consequence of the 
basic equations of equilibrium. 
Application of the Alkalinity Results 
The results obtained in the previous section are very 
useful. Later it is shown how the equations are used to 
achieve operation of the crystallization at T/P = 2, i.e, 
maximum carbonate. If one is examining the operation of a 
water "softening plant and it is desired to operate at 
T/P = 2, the equations can be used to determine the pH for 
the optimum conditions. 
For example, if it was observed that the plant was 
operating where the pH = 9.9, T = 80, temperature = 25°C, 
and the dissolved solids is 500, is the plant operating at 
maximum carbonate? From Equation (46) the pH at maximum 
carbonate can be calculated. For this case the optimum pH 
is 10.37. Thus it is seen then that the plant is not opera­
ting at optimum pH. 
A table or graph would be convenient to eliminate the 
tedious calculations. Table 2 shows results of calcula­
tions performed at various pH values and alkalinities. Graphs 
are shown in Figures 18 and 19. From Figure 18 the optimum 
pH can be determined and from Figure 19 the carbonate con­
centration is found. The total alkalinity minus the carbonate 
is equal to the bicarbonate plus hydroxide. Since hydroxide 
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Table 2. Alkalinity distributions for maximum carbonate 
ALKALINITY PH CARBONATE BICARB HYOROX CALCIUM 
(MG/L)  (MG/L)  (MG/L)  (MG/L)  (MG/L)  
TEMPERATURE IS  278.2  DEGREES KELVIN 
20.  10.54 12.0  4 . 0  4  «  0  13.9  
22.  10.56 13.5  4 .2  4 .2  12.4  
24.  10.59 15.0  4 .5  4 .5  1 1 . 1  
26e 10.61 16 « 6  4 . 7  4 . 7  1 0 . 1  
28.  10.63 18.2  4 .  9  4 . 9  9.2  
30.  10.64 19.7  5 .1 5.1  8.5  
32.  10.66 21.3  5 . .  3  5 , 3  7,  8 
34.  10.68 22.9  5 .5  5 .5  7 .3  
36.  10.69 24.6  5 .  7  5.7  6 . 8  
38.  10.71 26.2  5 .9  5 .9  6 . 4  
40.  1 0 . 7 2  27.8  6 .  1  6 . 1  6 . 0  
42.  10.73 29.5  6 . 3  6.3  5 . 7  
44.  1 0 . 7 4  31.  l  6  «  4  6  o  4  5.4  
46.  1 0 . 7 5  32.8  6 o  6  6 . 6  5 . 1  
48.  10.77 34.5  6 . 8  6 . 8  4.9  
50.  10.78 3 6 . 1  6 .  9  6  o  9  4 . 6  
52.  10.79 37.8  7 . 1  7 . 1  4.4  
54.  10.  7 9  3 9 . 5  7 . 3  7 . 3  4 . 2  
56.  1 0 . 8 0  4]  7 .4  7 .4  4 .  1  
58.  1 0 . 8 1  42 . 9  7.6  7 . 6  3 . 9  
60.  i  0 .  3  ?  4 4  . .  L ,  7., ? j ' .  7  3 . 7  
62.  1 0 . 8 1  4 6 :  7.9  7 .9  3 . 6  
64.  1 0 . 8 ' ,  4 0 . 0  8 . 0  8 . 0  3.5  
66 « 1  0  o f.' 4 4 9 . 7  8.  1  8 . 1  3.4  
68.  1 0 . 8 3  5 1 . 4  3 . 3  8 . 3  3.2  
70.  10.  66 53.2  8 . 4  8.4  3 . 1  
72.  1 0 . 8 7  5 4 . 9  3 * 6  8 . 6  3 . 0  
74.  1 0 . B 7  56.6  3 .  7  8.7  3 .0  
7 6  o  10.a s  58.4  G . 8  8.8  2 .9  
78.  1 0 . 8 9  6 0 . 1  8 . 9  8.9  ? .  A  
8 0 .  10.89 61.8  9 .1  9 .1  2 .7  
82.  10.90 6 3 . 6  9.2  9 .2  2 . 6  
8 4 .  10.90 6 5 . 3  9.3  9 .3  2 .6  
8 6  «  1 0 . 9 1  67.  1  9 .5  9 .5  2 .  5  
88.  10.92 6 8 . 8  9 , 6  9o6 2 . 4  
90 ,  10.92 70.6  9 .  7  9.7  2 . 4  
92.  10.93 72.4  9 .8  9 .8  2 .3  
94.  10.93 74.  1  9 .9  9 .9  2 .3  
9 6  o  10.94 75.9  10.1  10.1  2 .2  
98.  10.94 77.7  10.2  10.2  2 .2  
1 0  0 .  10.95 79.4  1 0  =  3  10 c  3  2 .  i  
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Table 2 (Continued) 
ALKALINITY PH CARBONATE BICARB HYOROX CALCIUM 
(MG/LJ (MG/L)  (MG/L)  (MG/L)  (MG/L)  
TEMPERATURE IS  283.2  DEGREES KELVIN 
20.  10.39 11.1  4 .5  4 .5  13.1  
22.  10.41 12.5  4 .8  4 .8  11.6  
24.  10.44 13.9  5 .0  5 .0  10.3  
26.  10.46 15.4  5 .3  5 .3  9 .4  
28.  10.48 16.9  5 .5  5 .5  8 .5  
30.  10.50 18.4  5 .8  5 .8  7 .8  
32.  10.51 20.0  6 .0  6 .0  7 .2  
34.  10.53 21.5  6 .2  6 .2  6 .7  
36.  10.55 23.1  6 .5  6 .  5  6 .3  
38.  10.56 24.6  6  o 7  6 .7  5 .9  
4 0 .  10.57 26.2  6 .9  6 .9  5 .5  
4 2 .  10.59 27.8  7 .  1  7 .1  5 .2  
44.  10.60 29.4  7 .3  7 .3  4  = 9  
4 6  «  10.61 31.0  7 .5  7 .5  4 .7  
48.  10.62 32.6  7 . 7  7.7  4 .4  
50.  10 . 6 3  34.2  7 .9  7 .9  4 .2  
52.  10,64 35.9  8 .1  8 .1  4 .0  
54.  10.65 37.5  8 .  2  8.2  3 .8  
56.  10.66 39.2  8 . 4  8.4  3 .7  
58.  10.67 40.8  8  o  6  8.6  3 .5  
60 •  1 0 . 6 8  42 •  5  3 . 3  •3 _ /. 
62.  10.69 44.1  8 .9  8 . 9  3.3  
64.  10.69 45.8  9 - 1  9.1  3  =  2  
6 6  •  1 0 . 7 0  4 7 .  5  9 . 3  9 .  3  3 . 0  
68.  1 0 . 7 1  49=1 9 .4  9 ,4  2 . 9  
70.  10.72 50.8  9 .6  9 .6  2 . 8  
7 2 .  10.72 52.5  9 .8  9 .8  2 .7  
f4 .  10.73 54.2  9 . 9  9.9  2 .7  
76 o  10.74 55.9  1 0 . 1  1 0 . 1  2.6  
7  8 c   ^ r\ n J. 5 7 e 6  Î  0  o  2  1 0  »  2  2.5  
80.  10.75 59.3  10.4  10.4  2 .4  
8 2 .  10.76 61.0  1 0 . 5  1 0 . 5  2.4  
84.  10.76 62.7  10.7  10.7  2 .3  
86.  10.77 6 4 . 4  10.8  10.8  2 .2  
38.  10.77 66.  1  10.9  10.9  2 .2  
90.  10.78 67.8  11.1  11.  1  2 .1  
92.  10,79 6 9 o 6  11.2  1 1 , 2  2.1  
94.  10.79 7 1 . 3  1 1 . 4  11.4  2 .0  
96.  1 0 . 8 0  7 3 . 0  1 1 . 5  11.5  2 . 0  
9 8 .  10.80 74.7  11.6  11.6  1 .9  
100.  10.81 76.5  11.8  11.8  1 .9  
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Table 2 (Continued) 
ALKALINITY PH CARBONATE BICARB HYDROX CALCIUM 
IMG/L)  (MG/L)  (MG/L)  (MG/L)  (MG/L)  
TEMPERATURE IS  288.2  DEGREES KELVIN 
20.  10.24 10.1  5 .0  5 .0  12.4  
22.  10.27 11.4  5 .3  5 .3  10.9  
24.  10.29 12.8  5 .6  5 ,6  9 ,7  
26.  10=32 14.2  5 .9  5 .9  8 .  8  
28 .  10.34 15.6  6 .2  6 .2  8 .0  
30.  10.36 17.1  6 .5  6 .5  7 .3  
32.  10.37 18.5  6 .7  6 .7  6 .7  
34.  iO.39 20.0  7 .0  7 .0  6 .2  
36.  10.41 21.5  7 .2  7 .2  5 .8  
38.  10.42 23.0  7 .5  7 .5  5 .4  
40.  10.44 24.5  7 .7  7 .7  5 .  1  
42,  10.45 26.0  8 .0  8 .0  4 .8  
44.  10.46 27.6  8 .2  8 .2  4 .5  
46.  10.47 29.1  8 .4  8 .4  4 .3  
48.  10.48 30.7  8 .7  8 .7  4 .1  
50.  10.50 32.3  8 .9  8 .9  3 .9  
52.  10.51 33.8  9 .1  9 .1  3 .7  
54.  10.52 35.4  9 .3  9 .3  3 .5  
56.  10.52 37.0  9 .5  9 .5  3 .4  
58 = 10=53 38.6  9 . 7  9.7  3 .2  
60.  10.54 40.2  9 .9  9 .9  3 .1  
62.  10.55 41.8  10.1  10.1  3 .0  
64 •  10.56 43.4  10.3  10.3  2 .9  
66 « 10 .57 45.0  10.5  10.5  2 .8  
68.  10.58 46 .  7 10.7  10.7  2 .7  
70.  10.58 48.3  10.9  10.9  2 .6  
72,  10.59 49.9  11.0  11.0  2 .5  
74.  10.60 51.6  11.2  11.2  2 .4  
76 .  10.60 53.2  11.4  11.4  2 .3  
78.  10.61 54.9  11.6  11.6  2 .3  
80.  10.62 56.5  11 = 7  11.7  2 .2  
82.  10=62 58.2  11 = 9  11.9  2a  
84.  10.63 59.8  12.1  12.1  2 .1  
86.  10.64 61.5  12.3  12.3  2 .0  
88.  10« 64 63,2  12.4  12.4  2 .0  
90.  10.65 64.  8  12 .6  12.6  1 .9  
92.  10.65 66.5  12.7  12.7  1 .9  
94.  10.66 68.2  12.9  12.9  1 .8  
96.  10.66 69.9  13.1  13.1  1 .8  
98,  10 = 67  71=6 13.2  13.2  1 .7  
100.  10.67 73.3  13.4  13.4  1 .7  
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Table 2 (Continued) 
ALKALINITY PH CARBONATE BICARB HYDROX CALCIUM 
(MG/L)  (MG/L)  (MG/L)  (MG/L)  (MG/L)  
TEMPERATURE IS  293.2  DEGREES KELVIN 
20- 10.10 9 .1  5 .5  5 .5  11.9  
22.  10.13 10.4  5 .8  5 .8  10.5  
24.  10.16 11.7  6 .2  6 .2  9 .3  
26.  10.18 13.0  6 .5  6 .5  8 .4  
28.  10.20 14.3  6 .  8  6 .8  7 .6  
30.  10.22 15.7  7 .2  7 .2  6 .9  
32.  10.24 17.1  7 .5  7 .5  6 .4  
34» 10.26 13.5  7 .8  7 .8  5 .9  
36.  10.27 19.9  8 .1  8 .1  5 .5  
38,  10.29 21.3  8 .3  8 .3  5 .1  
40.  10.30 22.8  8 .6  8 .6  4 .8  
42.  10.32 24.2  8 .9  8 .9  4 .5  
44.  10.33 25.7  9 .2  9 .2  4 .2  
46.  10.34 27.2  9 .4  9 .4  4 .0  
48.  10.35 28.7  9 .7  9 .7  3 .8  
50.  10.36 30.2  9 .9  9 .9  3 .6  
52.  10.38 31.7  10.2  10.2  3 .4  
54.  10.39 33.2  10.4  10.4  3 ,3  
56,  10.40 34.7  10.6  10.6  3 .1  
58.  10.40 36.2  10.9  10.9  3 .0  
u  G.  10.41 37.  o  11 .1  11.1  2 .9  
62.  10.42 39.3  11.3  11.3  2 .8  
64*  10,43 40.9  11 = 6  11 = 6  2 .7  
66 •  10.44 42.4  11,8  11.8  2 .6  
68c 10=45 44.0  12.0  12,0  2 .5  
70.  10.45 45.6  12.2  12.2  2 .4  
72.  10.46 47.2  12.4  12.4  2 .3  
74.  10.47 48.8  12.6  12.6  2 .2  
76.  10.48 50.4  12.8  12.8  2 .2  
7  3  a  lGo48 51 o 9  13.0  13.0  2 .1  
80.  10.49 53.5  13.2  13.2  2 .0  
82.  10.50 55.2  13.4  13.4  2 .0  
84.  10.50 56.8  13.6  13.6  1 .9  
86.  10.51 58.4  13.8  13.8  1 .9  
88.  10.51 60,0  14.0  14.0  1 .8  
90.  10.52 61.6  14.2  14.2  1 .8  
92.  1 0 c 5 3  63.3  14.4  14.  4  1 .7  
94.  10.53 64.9  14.6  14.6  1 .7  
96.  10.54 66.5  14.7  14.7  1 .6  
98.  10.54 68.2  14.9  14.9  1 ,6  
100.  10.55 69.8  15.1  15.1  1 .6  
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Table 2 (Continued) 
ALKALINITY PH CARBONATE BICARB HYDROX CALCIUM 
(MG/L)  (MG/L)  (MG/L)  (MG/L)  (MG/L)  
TEMPERATURE IS  298.2  DEGREES KELVIN 
20.  9 .97 
22.  10.00 
24.  10.03 
26.  10.05 
28.  10.07 
30.  10.09 
32.  10.11 
34.  10.13 
36.  10.15 
38.  10.16 
40.  10.18 
42.  10.19 
44.  10.20 
46.  10.22 
48.  10.23 
50- 10.24 
52.  10.25 
54.  10.26 
56.  10.27 
58,  10.28 
6Û o iùo29 
62.  10.30 
64.  10,31 
66 .  10.32 
68.  10.32 
70.  10.33 
72- 10.34 
74.  10.35 
76o 10 = 35  
78 0 1 A -> £ 
80.  10.37 
82.  10.37 
84.  10.38 
86.  10.39 
88.  10.39 
90.  10.40 
92 = 10 .40 
94.  10.41 
96.  10.42 
98.  10.42 
100.  10.43 
8.1  5 .9  
9 .3  6 .4  
10.5  6 .7  
11.7  7 .1  
13.0  7 .5  
14.3  7 .9  
15.6  8 .2  
16.9  8 .6  
18.2  8 .9  
19.6  9 .2  
20.9  9 .5  
22.3  9 .8  
23.7  10.1  
25.1  10.4  
26.5  10.7  
28.0  11.0  
29.4  11.3  
30.9  11.6  
32,3  11.8  
33,8  12.1  
35.5  12.4  
36.7  12.6  
38.2  12.9  
39.7  13.1  
41,2  13 = 4  
42.8  13.6  
4 4  » 3  13 .9  
45.8  14.1  
47 = 3  14=3 
o r i  I /. 
i "T • V» 
:0 ,4  14.8  
52.0  15.0  
53.5  15.2  
55.1  15.5  
56.6  15.7  
58.2  15.9  
59,8  16= 1  
61.4  16.3  
62.9  16.5  
64.  5  16.7  
66.1  16 = 9  
5.9  11.6  
6 .4  10.  1  
6 .7  9 .0  
7 .  1  8 .0  
7 .5  7 .3  
7 .9  6 .6  
8 .2  6 .1  
8 .6  5 .5  
8 .9  5 .2  
9 .2  4 .8  
9 .5  4 .5  
9 ,8  4 .  2  
10 .1  4 .0  
10.4  3 .8  
10.7  3 .6  
11.0  3 .4  
11.3  3 .2  
11.6  3 .1  
11.8  2 .9  
12.1  2 .8  
12.4  2 .7  
12.6  2 .6  
12.9  2 .5  
13.1  2 .4  
13.4  2 ,3  
13.6  2 .2  
13 = 9  2=1 
14.1  2 .1  
14 = 3  2 .0  
14 •  6  1 .9  
14.8  1 .9  
15.0  1 .8  
15.2  1 .8  
15.5  1 .7  
15.7  1 .7  
15.9  1 .6  
16=1 1 .6  
16.3  1 .5  
16.5  1 .5  
16 = 7  1 ,5  
i6o9 1 ,4  
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Table 2 (Continued) 
ALKALINITY PH CARBONATE BICARB HYDROX CALCIUM 
(MG/L)  (MG/L)  (MG/L)  (MG/L)  (MG/L)  
TEMPERATURE IS  303.2  DEGREES KELVIN 
20.  9 .84 7 .2  6 .4  6 .4  11.4  
22.  9 .87 8 .3  6 .9  6 .9  9 .9  
24.  9 .90 9 .4  7 .3  7 .3  8 . 8  
26.  9 .93 10.5  7 .8  7 .8  7 .8  
28.  9 .95 11.7  8 .2  8 .2  7 .0  
30.  9 .97 12.8  8 .6  8 .6  6 .4  
32.  9 .99 14.1  9 .0  9 .0  5 .8  34.  10.01 15.3  9 .4  9 .4  5 .4  
36.  10.02 16.5  9 .7  9 .7  5 .0  
38.  10.04 17.8  10.1  10.1  4 .6  
40.  10.05 19.1  10.5  10.5  4 .3  
42.  10.07 20.4  10.8  10.8  4 .0  
44.  10.08 21.7  11.1  11.1  3 .  8  
46.  10.10 23.0  11.5  11.5  3 .6  
48.  10.11 24.4  11.8  11.8  3 .4  
50.  10.12 25.7  12.1  12.1  3 .2  
52.  10.13 27.1  12.5  12.5  3 .0  
54.  10.14 28.5  12.8  12.8  2 .9  
5 (  .  10.15 29.9  13.1  13.1  2 .8  
58.  
60.  
10.16 31,3  13.4  13.4  2 .6  
10*17 32# 7  Î  5  -  /  13  c f  2.5  
62.  10.18 34.  1  14.0  14.0  2 .4  
64.  10.19 35.5  14.3  14.3  2 .3  
66.  10.20 36.9  14.5  14.5  2 .2  
68.  10.21 38.4  14.8  14.8  2 .1  
70.  10.21 39.8  15.1  15.1  2 .1  
72.  10.22 41.3  15.4  15,4  2 = 0  
74 .  10.23 42.7  15.6  15.6  1 .9  
76.  10.24 44.2  15.9  15.9  1 .9  
78.  10.24 45.  7  16-2  16.2  1 .8  
80.  10.25 47.1  16,4  16.4  1 .7  
82.  10.26 48.6  16.7  16.7  1 .7  
84.  10.26 50.1  16.9  16.9  1 .6  
86.  10.27 51.6  17.2  17.2  1 .6  
88.  10.28 53.1  17.4  17.4  1 .5  90 = 10 .28 54.6  17.7  17.7  1 .5  
92.  10.29 56,1  17.9  17.9  1 .5  
94.  10.29 57.7  18.2  18.2  1 .4  
96.  10.30 59.2  18.4  18.4  1 .4  
98.  10.31 60.7  18.6  18.6  1 .4  
100.  10.31 62.2  18.9  18.9  1 .3  
Figure 18. Plot to determine optimum pH 
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Figure 19. Plot to determine maximum carbonate 
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Ill 
equals bicarbonate at maximum carbonate, hydroxide and bi­
carbonate are equal to half the difference between the 
total alkalinity and the carbonate alkalinity. 
The calculations in the tables and plots were all per­
formed at dissolved solids of 500 ppm. The results change 
very little from 300 to 700 ppm dissolved solids. The 
calculations were made at these other conditions but were 
not included. 
Kinetic Measurements for 
Stoichiometric Feed 
Experiments were conducted at 10, 20, and 30 minute 
residence times with stoichiometric feed ratios. The dif­
ferent residence times produced changes in supersaturation 
which in turn produced changes in growth rates. As was 
shown earlier, the nucleation rate. B°; is related to growth; 
G, by 
B° = k 
N 
If G is a linear function of supersaturation and j=l then 
B" = (19) 
If the kinetic data follow this power relationship then 
plotting versus G on log-log paper should result in a 
straight line with slope i and intercept k^^. 
112 
The results of these runs are plotted in Figure 20. From 
the plot it is found that B° = 57000 G^. The data for these 
experiments is presented in Table 3. 
Table 3. Experiments for stoichiometric feed 
Exp. T G n° B° ^Tg^ ^Tg^ Temp. 
24a 10.3 .547 31200 17100 - .337 .269 296.3 
27 20.5 .330 18200 6000 .330 .360 .325 297.0 
25 30.7 .241 14100 3390 .318 .366 .358 297.0 
Exp. pH T OH CO^ HCOg T/P C s 
24a 9.90 59.6 3.9 27.9 27.8 3.3 3.6 57.4 53.8 
27 9.93 62.1 4.4 30.1 27.6 3.2 3.2 35.9 32.7 
25 9.89 58.0 4.0 26.9 27.1 3.3 3.6 38.6 35.0 
Suspension density determined by: 
(1) experimental measurement 
(2) material balance 
(3) third moment of distribution. 
Kinetic Measurements for 10% Excess 
Sodium Carbonate 
The solubility of calcium carbonate is a function of the 
carbonate ion concentration. One method of decreasing the 
solubility is to add excess carbonate. The reduced solu­
bility is a result of the common ion effect which drives the 
equilibrium in the direction of forming more calcium carbonate. 
Experiments were ran at 10, 20, and 30 minute residence 
113 
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ure 20. Kinetic data for stoichiometric feed 
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times with 10% excess sodium carbonate. The experiments 
were performed to determine the effect on the kinetics of 
increased carbonate concentration. This increased concen­
tration was achieved by feeding excess sodium carbonate. 
The results of the experiments are shown in Table 4. 
To determine the kinetic order, was plotted versus G on 
a log-log plot as shown in Figure 21. From the plot one 
gets the following kinetic equation for these conditions. 
B° = 28000 
Table 4. Experiments for 10% excess sodium carbonate 
Exp. T G n° B° ^'^T^ ^2^ Temp 
20 10.4 .629 19200 12100 .334 .351 .300 296.7 
21 20.1 .348 16100 5570 .334 .348 .327 296.2 
22 30.4 .266 10100 2690 .316 .354 .366 296.2 
Exp. pH T OH CO^ HCOj T/P C C s 
20 9.80 88.1 3.2 37.8 47.1 4.0 2.6 38.8 36.2 
21 9.70 84.7 2.4 31.8 50.5 4.6 3.1 41.6 38.5 
22 9.75 108.0 2.7 43.6 61.7 4.4 2.3 35.0 32.7 
^Suspension density determined by: 
(1) experimental measurement 
(2) material balance 
(3) third moment of distribution. 
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Kinetic Measurements at Optimum 
Operation 
Determining the kinetics of crystallization for calcium 
carbonate at optimum operating conditions was a primary goal 
of this research. However, determining the proper operating 
conditions a priori was rather difficult. 
Optimum operating condition was defined to occur when 
T/P=2. T/P=2 is the point at which one obtains maximum carbo­
nate concentration. The optimum condition was achieved by 
adding a third feed stream consisting of base. Sodium 
hydroxide was chosen for this purpose. Adding the base shifts 
the basic equilibrium so that the bicarbonate is converted to 
carbonate. The calculation a priori of how much base to add 
was not straightforward. 
One method would be to add some base, allow steady state 
to be achieved, analyze and add more or less base depending 
on the results. Since it takes 10 residence times to reach 
steady state, this trial and error method could take 40-50 
residence times to achieve optimum operation. On the basis 
of feed material, time, and energy, this method would be 
prohibitive. 
An examination of the basic equilibrium equations re­
vealed a method to determine the amount of sodium hydroxide 
needed to achieve optimum operation. The steady state 
operating conditions of experiments 24a, 25, and 27 were used 
117 
to calculate the amount of sodium hydroxide addition. 
Experiment 25 provides an example to illustrate the 
method. For Experiment 25: pH = 9.89, T = 58.0, Temp = 297.0,-
and dissolved solids = 500. Putting these values into the 
equations presented earlier one obtains OH = 4.0, CO^ = 26.9, 
HCOg = 27.1, and T/P =3.3. It is desired to operate at 
T/P = 2. Assume that after addition of the OH the total 
alkalinity remains the same. This is a reasonable assumption 
since the OH addition tends to increase alkalinity while the 
precipitation of calcium carbonate decreases alkalinity. 
Also, a small error in T will have little effect on the goal 
pH. From Table 2 or Figures 18 and 19, given T, Temp, and 
dissolved solids the pH at which T/P = 2 can be found. For 
this example, one obtains pH = 10.31, CO^ = 34.4, OH = 11.8, 
and HCO^ - 11.8. To obtain these operating conditions it is 
necessary to add enough OH to raise the OH alkalinity from 
4.0 to 11.8 which is at optimum. For this the OH addition 
is 7.8 mg/1. Also for each mole of HCO^ converted to CO^ 
it takes one mole of OH. Since HCO^ drops from 27.1 to 11.8 
for the goal conditions, 15.3 mg/1 of OH is required. So 
the total OH addition will be 7.8 + 15.3 = 23.1 mg/1. A 
third stream of sodium hydroxide was continually added to the 
reactor while calcium sulfate and sodium carbonate were added 
in stoichiometric ratios. 
Experiments 24b, 25, and 28 were run at T/P near 2. The 
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condition of T/P = 2.1 actually achieved is so close to the 
optimum that an error of + .01 pH units would be sufficient 
to cause the discrepancy. 
The results of Experiments 2 4b, 26, and 28 are shown in 
Table 5. Figure 22 is a log-log plot of B° versus G. The 
kinetic expression, which is determined from Figure 22, is 
B° = 37000 G^*^. 
Table 5. Experiments at optimum operation 
Exp. T G n° 
A \A 
^2 ^3 Temp 
24b 10.4 .582 25000 14500 .314 .369 .287 296.3 
28 20.5 .333 16800 5600 .319 .364 .313 296.4 
26 30.7 .239 14100 3320 .320 .367 .347 297.0 
Exp. pH T OH CO^ HCOg T/P C s 
24b 10.35 63.3 11.0 38.6 13.7 2.1 2.6 25.3 22.7 
26 10.30 56.7 10.3 33.3 13.1 2.1 2.9 27.2 24.3 
^Suspension density determined by: 
(1) experimental measurement 
(2) material balance 
(3) third moment of distribution. 
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Figure 22. Kinetic data at optimum operation 
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Discussion of the Kinetic Results 
and Potential Applications 
As shown in Figures 20, 21, and 22 the kinetic order 
for the precipitation of calcium carbonate varied between 
1.7 to 2.0. Most data from the literature indicate that the 
kinetic rate constant, k^, is a function of operating condi­
tions such as temperature and agitation but that the kinetic 
order is not. This research consists mainly of three major 
experiments. First, the kinetics were determined (Table 3) 
where calcium sulfate and sodium carbonate were fed stoichio-
metrically. In the second set of experiments (Table 4), 
10% excess sodium carbonate was fed to increase the carbonate 
level in the reactor. This method of raising the carbonate 
level could be uneconomical because of the additional cost 
of the excess sodium carbonate. The third set of experiments 
(Table 5) were at T/F — 2. The T/F — 2 condition was 
achieved by the addition of sodium hydroxide. The base 
addition converts the bicarbonate to carbonate, thus in­
creasing the carbonate concentration. Operating at T/P = 2 
is considered the optimum operating condition since maximum 
carbonate concentration is achieved by minimum chemical addi­
tion. 
The second and the third set of experiments have several 
similarities. The kinetic order for both sets is 1.7 and the 
kinetic rate constants are in the same range. Note also that 
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the carbonate alkalinity and the equilibrium solubility of 
calcium carbonate are very nearly the same. However, in the 
first set of experiments where the kinetic order is 2 the 
carbonate alkalinity and the equilibrium solubility of 
calcium carbonate are different than those of the second and 
third sets of experiments. These results indicate that the 
kinetic order could very possibly be dependent upon the 
equilibrium solubility. Other researchers have noted that the 
presence of additives changes both the kinetic rate constant 
and the order. The role of additives is very complicated. 
It is very likely that one effect of the presence of additives 
could be the depression of the solubility of the precipita­
ting salt. The second and third set of experiments of this 
research could be likened to those experiments where additives 
are present. Based on these observations it may be concluded 
that when the equilibrium solubility is affected so is the 
kinetic order. 
One goal of this research was to determine the relation 
between supersaturation and growth rates. However as Tables 
3, 4 and 5 show, the supersaturation measurements were not 
consistent and no reasonable conclusions could be made. The 
author feels the scatter was due to inadequate control of 
the feed flow rates and not the analytical technique. Both 
experimental and theoretical evidence indicate that growth 
rate is normally a linear function of supersaturation. In 
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light of these findings, the assumption that growth is a 
linear function of supersaturation was made. 
With the assumption that growth rate is a linear function 
to growth rate and supersaturation by the same order. The 
results of this research show that for the precipitation of 
ration and growth rate. The nonlinearity means operating 
conditions such as supersaturation or suspension density 
could be adjusted so that a larger crystal size distribution 
(CSD) would result. This is desirable since settling costs 
and filtering costs are less for larger crystals. 
Detailed analysis of the effect of the kinetic order on 
the CSD could be quite extensive. Earlier the effects of 
supersaturation on the CSD were discussed. To illustrate how 
the kinetic order is used to investigate proposed changes in 
operating conditions, use the result of the first set of ex­
periments where i = 2. For two experiments conducted at the 
same suspension density, M^, Equation (22) relates nuclei 
density to residence time. 
of supersaturation, the nucleation rate, B°, is proportional 
calcium carbonate, is a nonlinear function of supersatu-
4 (i-1) 
T. (i+3) 
(-^ ) (22) 
For i = 2, Equation (22) becomes 
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o 
^2 ^1 
The dominant crystal size, Lj^ (the mode of the distribution) , 
is 3Gt. From Equation (23) it is seen that 
G~ T, i+3 
51 ' 'ïï' 
Combining the definition of with Equation (23) 
^ (48) 
Si ^1 
For i = 2, from Equation (23) 
=2 Ti 4/5 
57 ' 'îj' 
and from Equation (48) 
L T 1/5 
^ = (—) (50) 
^D1 "1 
There results that when the retention time is doubled the 
nuclei density is halved, the growth rate decreases by 4 3%, 
and the dominant particle size is increased by only 15%. 
At the same time the production rate, P^, which is defined 
as = M^Q is reduced by 50%. The increase in dominant 
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particle size of only 15% was the result of a loss of 
production of 50%. 
The above analysis was one example of how a designer 
would use the kinetic order to determine economical plant 
design. The mass and energy balances along with kinetic 
results are used together to determine optimum design and 
optimum operating conditions. 
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CONCLUSIONS 
It was shown that the population balance theory can be 
applied to systems exhibiting light suspensions. 
Calcium carbonate precipitation from reacting calcium 
sulfate with sodium carbonate does not have size dependent 
growth. 
A power law kinetic model can be used to describe the 
kinetics of precipitation of calcium carbonate. The 
results of this research for the precipitation of calcium 
carbonate are: 
a) when calcium sulfate and sodium carbonate are fed 
stoichiometrically, 
B° = 57000 
u) WiiSn CâlCXUm 3ulfa.uG 13 ITGciCtGd. V/ith ]_0% SbOVG 
Stoichiometric sodium carbonate, 
B° = 28000 
c) when calcium sulfate and sodium carbonate are fed 
stoichiometrically while sodium hydroxide is fed 
continuously to achieve T/P = 2.1, 
B° = 37000 G^'^ 
where the units for B° and G are numbers/ml/min and 
microns/min, respectively. 
Supersaturation measurements can be made for the precipi­
tation of calcium carbonate but careful control of opera­
ting conditions is necessary for good results. 
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5. The Coulter Counter Model TA can be used to determine 
sizes in the S-lOOu size range for dilute suspensions 
(0.3 g/1), such as those in the precipitation of 
calcium carbonate. 
6. The predominant form of calcium carbonate precipitated in 
this research is of the vaterite variety. A small per­
centage of calcite was observed. 
7. It can be shown that when T/P = 2, bicarbonate alkalinity 
equals the hydroxide alkalinity and the carbonate 
alkalinity is a maximum. 
8,. The kinetic order is important for determining optimum 
operating conditions for the water softening process. 
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RECOMMENDATIONS 
1. The kinetics of another reaction in the water softening 
process should be determined. One might study the 
kinetics of precipitation for magnesium hydroxide. 
2. Precipitation of calcium carbonate in a seeded MSMPR 
crystallizer should be studied. The water softening 
industry has benefitted by using seeding. 
3. A water softening plant should be modeled using mass, 
energy, and population balances. The results of this 
research provides the kinetic information. The 
kinetic constants can then be adjusted to fit plant data. 
4. The relation between growth rates and supersaturation 
for the precipitation of calcium carbonate should be deter-
iïijLueu# More precise feed uoiitiols is xecoivuriéiiued. Lo 
achieve good results• 
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APPENDIX A 
Table 6 Computer program to analyze Coulter counter data 
DIMENSION P ( l'ô) , V( 16) ,VP{ 16) , SISE(38) ,NUM( 16) ,NCUM( 16) 
DIMENSION ¥(16) , ANS(IO) ,SIZE(16) iXD(2),YD(2 ) ,XL(5J,YL15) 
REAL NT, K, MO 
REAL MT 
DATA SISE/.198,.25,.315,.391,.5,.63,.734,1.,1.26,1.50,2.,2.52, 
1 3.17,4.0,5.04,6.35,8.0,10.0 8,12.7,16.0,20.2,25.4,32.0,40.3,50. 8, 
2 64. 0, 80,6, 101 .6 ,12 8. 0 ,161. C„ 203.. 0,256.0,322.0,406 .0,512.0,645.0, 
3 812.0,1024.0/ 
DATA P/3276 8.,163 84.,8192.,4096.,2048.,1024.,512.,256.,128.,64., 
1  3 2 . t l 6 o , 8 . , 4 . , 2 « 7 l « /  
READ(5,60) XL,YL 
FORMAT(10A4) 
CONTINUE 
READ(5,501,EMD=100) NR,NSAM,NS,NM ,NL,NT,SAM,TAU 
READ(5,502)CV(I),I=1,16) 
PRINT 601,NR,NSAM, ÎV(I ) , I = 1,16} 
PRINT 602,NT,SAM,TAU,NS,NM,NL 
60 
5 
C 
601 
602 
501 
502 
C 
C 
c 
c 
c 
10 
FORMAT{'IRUN NUMBER',I6,3X,•SAMPLE 
ICHANNELS 1 THRU 16'/16F6.1/) 
NUMBER',16/' VOLUME PERCENT IN 
w 
FORMAT!• 
1TÎME IS* 
2 14/} 
F0RMAT(5I10,3E10-0) 
F0RMAT(16F5.1) 
TOTAL COU.NTS » ,F10. 2, 
F5.1,2X,'MINUTES'/' 
'SAMPLE SIZE(ML)' 
NS IS',I4,2X,'NM 
,F5.1,3X,'RESIDENCE 
IS',I4,2X,•NL IS', 
NS 
NM 
NL 
13 
IS 
IS 
THE 
THE 
THE 
LOWEST 
NUMBER 
NUMBER 
MEASURED 
OF SIZES 
OF LOWER 
SIZE -1 
MEASURED 
CHANNELS 
(NONZERO VOLUME) 
WHERE NONZERO VOLUME 
WITH ZERO VOLUME 
SVP = 
DO 10 
VP( I ) 
SVP = 
CONTINUE 
K= NT/SVP 
PRINT,'K= 
0.0 
1=1,NM 
= V«I+KL)*P(I+NL) 
SVP + VP(I) 
'SUM OF VP',SVP 
Table 6 (Continued) 
DO 20 1= 1,NM 
NUMdl = (K*VP (I ) )/SAM + 0.5 
20 CONTINUE 
PRINT, 'NUMBERS IN EACH CHANNEL' 
PRINT, (NUM(I I ,1=1,NM) 
NCUM(NM) = MUM(NMJ 
NMl = NM-I 
DO 30 1= 1,NMl 
J= NM-I 
NCUH(J) = NUM(J) NCUM(J + 1) 
30 CONTINUE 
PRINT, 'CUMULATIVE NUMBERS' 
PRINT, (NCUM(I ) , 1 = 1,MM) 
N0= NM 
DO 34 1=1,NO 
IF(NCUM( n .LT. 10) NM=: I-l 
ÎF(NCUM(Ï).LT.10) GO TO 35 
34 CONTINUE 
3 5  CONTINUE 
PRINT, •NM=',NM 
NP=NM 
DO 40 1=1,NM 
SIZE(I) = SISiE (I+NS+NL) 
40 CONTINUE 
PRINT, • THE SIZES MEASURED' 
PRINT, (SIZE(I), 1=1,NM) 
DO 50 1=1,NM 
Y d J  =  A L 0 G 1 0 (  F L O A T ( N C U M (  I )  )  ))  
50 CONTINUE 
PRINT, 'COMMON LOG OF THE CUMULATIVE NUMBERS' 
PRINT, (Yd), 1 = 1, NMl 
CALL GRAPH(NM,SIZE,Y,4,7,10.0,-10.0,0.0,0.0,0.5,0.0,XL , YL , 
1 'CUMULATIVE; NUMBERS RE Î :t DE NC E TIME=15;') 
CALL REGRES(SIZE,Y,NP,ANS; 
XDdJ =0.0 
YOU) = ANSd) 
YDC2) = 1.0 
Table 6 (Continued) 
X D 1 2 )  = (YD ( 2 ) - A N S { 1 ) ) / A N S (2) 
CALL GRAPHC2,XD,Y0,0 ,4 , 0,0,0,0,0,0,';',':',';',';') 
GTNO = 10.0**ANS(1} 
G = -.4342945/(ANS(2)*TAU) 
NO = GTNO/(G*TAU; 
B0= NO*G 
MT = 3.1459*2.71l*N0*(G*TAU)+#4/l.E9 
PRINT,•SUSPENSION DENSITY!GRAMS PER LITER)',MT 
PRINT, 'XD1,X02,YD1,YD2' 
PRINT, XDC I) ,>;D( 2) »YDflî,rD{5 .) 
PRINT,•GTN0=', GTNO,«GROWTH RATE',G,'NUMBER OF NUCLEI',NO, 
1 "NUCLEATION RATE', BO 
PRINT, • INTERCE;PT',ANS{. I» , 'SLOPE', ANS(2) 
BOL= ALOGiOîBO) 
NOL= ALGGIO(NO) 
GLO= ALOG10(GI 
PRINT,'LOG B0-=',B0L, ' LOG NO = " , NOL , ' LOG G=',GLO 
GO TO 5 
100 CONTINUE 
STOP 
END 
SUBROUTINE REGRES(X,Y,NP,ANS) 
C 
C 
C 
c 
c 
c 
c 
c 
c 
LEAST SQUARES ROUTINE FOR Y= A + B*X 
ANS(l) = A AND ANS(2) = B 
NP IS THE NUMBER OF DATA POINTS 
SX IS THE SUM OF T H E  X'S 
SY IS THE SUM OF THE Y'S 
SYX IS THE SUM OF X TIMES Y 
SXX IS THE SUM OF X TIMES X 
DIMENSION X(16),Y(16),ANS(2) 
SXX=0«0 
SYX= 0.0 
Table 6 (Continued) 
SY= 0.0 
SX=0.0 
C 
DO 10 1=1,NP 
S X =  S X  +  X d i  
SY= SV + Y(IJ 
SYX = SYX 4- X( î ) *Y( I ) 
SXX = SXX + X(I) *X( I ) 
10 CONTINUE 
C 
ANS(2) = (SYX-SX*SY/NP)/(SXX-SX*SX/NP) 
ANSfl) = (SY ANSI2)*SX}/NP 
PRINT, 'REGRES OUTPUT' 
PRINT, SX, SY, SYX, SXX, ANS(1 ) , ANS(2i 
C 
RETURN 
END 
Ul 
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APPENDIX B 
Equation (46) gives the hydrogen ion concentration 
that makes carbonate ion concentration either or maximum or 
a minimum. The second derivative must be examined to deter­
mine which it is. If the second derivative is negative, 
then the from Equation (46) is a maximum. 
dpH^ d[H^] d[H*] 
d [H^_] p ^ d[H+] ^  ^  [CO]] d ,d[H+] ] 
dpH^ ' d[H^] d[H^] d[H^] 
4-
Equation (51) is to be evaluated at the [H ] that makes 
[CO^] a maximum or minimum. Since d [CO^d = 0 at that point 
the second term in Equation (51) vanishes. 
Therefore, 
d [C0= 
dpH^ pH d[H+]2( aPH ) 
max 
pH 
max 
+ 2 
Since, [d[K ]/dpH] > 0, it is only needed to examine 
the sign of d'^[CO^/d[H ]". 
1 d'[CO=] 
__ _ - (52) 
[Hr^*([H^]+2K^) 
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Since the leading term and the denominator in Equation 
(52) are always positive, it is only necessary to examine 
the sign of the expression inside the brackets at 
- SK^EH"^]^ - 10K^K^[H+] '< 0 (53) 
Upon substituting Equation (46) into (53) one gets 
-K^ (4+6/1+2K^7B) - B(14+8/l+2K^/B) -4K^2K^ | 0 
(54) 
Because all the terms on the left side of Equation (54) 
are negative, the second derivative is negative and there­
fore the solution for Equation (44) is a maximum. 
